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or assumed from general 
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velocity 


work 


gas thermometer 
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ideal gas 

ideal gas (definition of) 
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internal energy U 
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kilocalorie (Calorie) kcal 

kinetic theory of gases 

latent heat 

Maxwell Boltzmann 
distribution 


mercury-in-glass thermometer 
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molar mass Mm 
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constant R 
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molecule 

monatomic molecule 

operational definition 
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pressure P 
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Study guide 


This Unit has three components—the Main Text, an audio-visual sequence (which 
you will study as Section 3.4 of the Text), and a television programme TV 11. The 
Main Text is divided into four Sections; the first two Sections deal with the macro- 
scopic view of temperature and heat, whereas Sections 3 and 4 introduce you to the 
kinetic theory of gases—a theory that provides physical insight into the thermal 
properties of matter at the microscopic (molecular) level. You should divide your time 
approximately equally between these two principal areas of study, ie. between 
Sections 1 and 2, and Sections 3 and 4. 


This is a fairly long and difficult Unit, and you will probably find parts of Sections 2 
and 3, in particular, quite hard going. Some of the ideas relating to modern thermo- 
metry and temperature standards, for instance, are quite subtle, and may seem almost 
philosophical—especially on a first acquaintance. And if you've not met ideas of 
‘averaging’ before, you may well find parts of the kinetic theory derivation a little hard 
to follow. The only advice I can give you is: try not to lose the wood for the trees; 
concentrate (particularly during your first reading) on trying to follow the main 
thrust of the story—come back to the details again later. This particularly applies to 
the mathematics. As you will see, there are over fifty numbered equations in the text; 
clearly you are not expected to memorize all of them! So, to help you, I have put boxes 
around the most important equations. These are the equations you should be able to 
manipulate with comparative ease when solving problems. And of these equations 
there are two, at least, that you should commit to memory. They are (i) the ideal-gas 
law equation PV =nRT (eq. 23) 


and (ii) the kinetic-theory expression relating the temperature of an ideal gas to the 
average kinetic energy of its molecules, i.e. CE? = KT (eq. 47) 


The television programme associated with this Unit (TV 11) plays an important part 
in the overall teaching strategy ; it is designed to help you understand and visualize— 
by means of models, demonstrations, and animations—the somewhat abstract con- 
cepts and predictions of kinetic theory. You should make every possible effort to see 
this programme. It can be watched at any time during your study of the Unit, but 
you will probably derive greatest benefit from it if you have already read the material 
in Section 3 of this Main Text. 


Finally, if you find you are short of time during your study of this Unit, I suggest the 
following remedial action. 


1 Omit (or skim through) Section 2.2. However, you must ensure that you know 
what is meant by absolute temperature, absolute zero, and kelvins. You should 
also know the relationship between degrees Celsius and kelvins. 


2 Don’t worry unduly about not understanding all the details in the audio-visual 
sequence (Section 3.4) where the kinetic-theory equation of gas pressure is 
derived. 


3 Omit Sections 3.6.2 and 3.6.3 on the speed of sound and diffusion, respectively. 


4 Do not omit the ‘predictive’ part of Section 3.6.4 on the Boltzmann distribution, 
but if necessary, miss out the ‘experimental evidence’ part of this Section. 


If you miss out more than these Sections, you may find parts of the later Units 
difficult to understand. 


Introduction 


Uptill now in this Course, you have been studying, in the main, what might loosely be 
called macroscopic physics—the physics of objects on a scale immediately amenable 
to our senses. But physicists have always striven to understand nature on all levels; 
and indeed in Units 13-15, you will be looking at some ofthe ways in which physicists 
in the 20th century have sought to understand the behaviour of matter on a micro- 
scopic scale. In this Unit, however, I want to introduce you to one ofthe early attempts 
to build a bridge between these two domains (the macroscopic and the microscopic). 
This bridge was developed around the ideas of temperature and heat. 


Historically, temperature and heat have been studied from two different standpoints. 
The earlier of the two approaches was essentially empirical.* It did not ask too many 


* That is, deriving from, or based on, experiment, or observation, or both. 
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Isaac NEWTON (British) 1642-1727 
Daniel BERNOULLI (Swiss) 1700-82 
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Rudolf CLAUSIUS (German) 1822-88 


William THOMSON, Lord Kelvin (British) 1824-1907 
James Clerk MAXWELL (British) 1831-79 
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Contributors to the theories of heat 
The development of the ideas of temperature and heat has had a long, and sometimes convoluted, history. You may find it helpful there- 
fore, during your reading of this Unit, to refer back occasionally to this chronological listing of the scientists contributing to the subject. 


deep questions about the nature of heat; it did not much concern itself with efforts to 
find a possible microscopic basis for the origin of heat. Rather, it took for granted the 
existence of thermal phenomena, and then by careful, and often painstaking, ex- 
perimentation proceeded to (i) quantify the observed thermal processes, (ii) relate the 
different thermal properties to each other, and (iii) thereby (hopefully) construct a 
mathematical framework of equations capable of describing the observed phenomena. 
This is the approach that I shall be outlining in the first two Sections of this Unit. As 
you will see, to even make a start on this approach, it is necessary first to set up precise 
definitions of our primary concepts of temperature and heat; and this is not a trivial 
task. For, as our knowledge and understanding of thermal processes has advanced 
over the years, it has proved necessary for us to continually revise these definitions. 
Furthermore, this continual revision has left us a legacy of vocabulary and concepts 
that, strictly speaking, are now obsolete. This is clearly a potential source of con- 
fusion—be warned! 


The second approach, first taken up seriously in the middle of the last century, was, 
on the other hand, principally theoretical in nature. It was based on the premise that 
observed thermal phenomena (such as temperature changes, for example) were 
nothing more than macroscopic manifestations of the behaviour of matter on a 
microscopic scale. But what model of the microscopic nature of matter should be 
assumed? After all, in the middle of the 19th century, scientists were only just begin- 
ning to feel their way towards ‘atomic theories’. Well, the hope was that Newton’s 
mechanics, which had been so enormously successful in bridging between the macro- 
scopic (man-sized) and celestial domains, could perhaps be extended in the opposite 
direction, and somehow applied also to the multitude of microscopic particles that 
were thought to make up matter. And as you will see in Sections 3 and 4 of this Unit, 
this hope was well realized. For, the kinetic theory (as it was called) was not only 
capable of explaining already observed phenomena, it also correctly predicted new 
ones; that is the true mark ofa successful theory. But this success was gained at a price. 
Physicists began to realize, for the first time, that, in their dealings with matter at the 
microscopic level, their knowledge was destined never to be exact—instead, they 
would have to be content to deal only in probabilities and statistical distributions. 
And in this respect, kinetic theory provided a hint of things to come. For, this one 
vital idea has since expanded into a philosophy that has dominated the development 
of physics throughout most of the 20th century. 


1.1 


Temperature and heat—the phenomenology 


The concept of temperature 


Temperature is a concept with which you are very familiar; it’s that sense impression 
that allows you to differentiate between hot and cold objects. Yet if we are going to 
use this concept scientifically, then its important that we define it as precisely as 
possible—and that’s not as easy as you might think. When Newton and his con- 
temporaries were defining such quantities as velocity, acceleration, force, work, power 
and so on, they found that they could relate them all back to the three basic quant- 
ities—mass, length and time. But it’s not obvious that the concept of temperature can 
be so related. Later on in this Unit, when we look at the microscopic explanation of 
thermal phenomena, you will see that, at the molecular level, there really is a mech- 
anical basis for the notion of temperature. In this first Section, however, I shall be 
approaching the idea of temperature from a macroscopic viewpoint; and under these 
circumstances, temperature has to be introduced as a new basic quantity, to rank 
alongside the other primary quantities of mass, length, and time.* 


So how are we to define this new basic quantity, temperature? To answer this 
question, you have to realize that physical definitions and measurement are in- 
separably entwined. It is perfectly proper to define some quantity in terms of the 
readings taken from a device that is sensitive to changes in that quantity. This is what 
is meant by an operational definition. We can, therefore, define temperature in terms 
of the readings taken from a temperature-sensitive device—a thermometer —provided 
that the instructions on how to construct and operate the particular thermometer are 
also specified. Of course, it doesn’t necessarily follow that a quantity defined in this 
way will be of any use to us in formulating new theories. That will depend on whether 
or not this newly defined quantity can subsequently be used to describe natural 
physical phenomena in a simple and self-consistent way. 


So, to make a start on setting up an operational definition of temperature, we must 
first find a physical property of some substance (or object) that varies with the ‘degree 
of hotness’ of that substance. Such a characteristic is known as a thermometric property. 
You can probably think of several examples of such properties. For instance, when 
metals, liquids, or gases are heated, they expand. Or, if a gas is heated but its volume is 
constrained to remain more or less the same, then its pressure increases. (Perhaps 
you've noticed how the air pressure in your car tyres increases on a hot day, or after a 
long motorway drive.) Alternatively, all objects when sufficiently hot will emit visible 
radiation, the spectrum or colour of which will change as the object gets hotter. As 


* Furthermore, in SI units, temperature is still treated as an independent basic quantity. The 
details of the SI definition of temperature are given in Section 2.2.5. 


operational definition 


thermometric property 


pressure 


Figure 1 The temperature of a very hot 
substance, such as molten metal in a 
furnace, can be measured with an 
optical device known as a pyrometer. 
This instrument compares the colour of 
the radiation from the hot substance witl 
the colour of an electrically heated 
lamp-filament incorporated into the 
eyepiece of the device. 


you saw in Unit 1, for instance, the colour of a heated metal ball changes from dull red 
at lowish temperatures, to orange-yellow at intermediate temperatures, to almost 
white at high temperatures. 


All these effects can be (and have been) used to construct thermometers. Measuring 
the colour of the radiation emitted from a blast furnace, for example, usually with a 
device known as a pyrometer (see Figure 1), is one way of measuring the extremely 
high temperatures achieved in these furnaces. More familiar perhaps is the bimetallic 
strip ‘thermometer’ (see Figure 2), which works on the principle that the two metals 
expand by different amounts (for a given temperature change) so causing the strip to 


contact position adjustment 


bimetallic 
strip 


control 
unit 


power supply power supply 
(a) no current flows (b) current flows and operates 


control unit 


Figure 2 A bimetallic strip is made up of two different metals bonded together. Since the 
two metals expand by different amounts as the temperature is increased, the bimetallic 
strip must bend. The ‘amount of bending’ can be used as a measure of the temperature 
change. Alternatively, the bimetallic strip can be incorporated into an electrical circuit, as 
shown here, to form a thermostat. As the temperature rises the strip bends more and more 
until eventually it closes the electrical circuit. The position of the electrical contacts can be 
adjusted so as to select the temperature at which the circuit closes. 


bend. Such devices are used in central-heating thermostats and household-oven 
thermometers. The mercury-in-glass, and alcohol-in-glass thermometers (Figure 3) 
are very familiar. Here, it is the expansion of a liquid that is the temperature sensitive 
phenomenon. And the constant-volume gas thermometer (Figure 4), is a very sensitive 
laboratory instrument that measures temperature changes by detecting the pressure 
changes that occur in a fixed volume of gas. I shall be discussing the operation of this 
type of thermometer in more detail later in the Unit. 


$271 UNIT 11 


(a) (b) 


Figure 3 The thermometric substance in 
both these thermometers is a liquid; in 
one case (a) it is mercury, in the other (b) 
it is alcohol. In both types of 
thermometer, the liquid expands as the 
temperature is increased. 


Figure 4 Although not particularly 
recognizable as such, this is, in fact, a 
constant-volume gas thermometer at the 
National Physical Laboratory in 
Teddington, Middlesex. Similar devices 
are used in standards-laboratories all 
over the world to make very precise 
measurements of temperature. 


1.2 


Defining a temperature scale 


Before we can use any of the thermometers described in the previous Section to make 
a measurement of a temperature in a practical situation, we must first define a tempera- 
ture scale. Several scales were set up in the past, in more or less arbitrary ways. The 
one thing they all had in common, however, was a reliance on readily definable, and 
reproducible, calibration points. Since water is an abundant and easily available liquid, 
two commonly chosen calibration points were (i) the temperature at which pure water 
freezes (or more precisely, at which a mixture of water and ice isin thermal equilibrium), 
and (ii) the temperature at which pure water boils (or more precisely, at which a 
mixture of water and steam is in thermal equilibrium), both temperatures being deter- 
mined at a pressure of one atmosphere.* 


One of the temperature scales encountered in scientific work—the Celsius (or 
centigrade) scale—was originally defined by these two calibration points; the lower 
point was labelled zero degrees Celsius (0 °C), the upper point one-hundred degrees 
Celsius (100 °C). Thus, the procedure for calibrating a mercury-in-glass thermometer, 
say, on the Celsius scale would be as follows. First, the thermometer would be plunged 
into a mixture of ice and water (at a pressure of 1 atmosphere), and the position of the 
end of the mercury column marked when there was no further expansion or con- 
traction of the mercury. Then the thermometer would be removed from the ice- 
water mixture, and placed in a mixture of steam and water, again at a pressure of 1 
atmosphere. When the mercury had again ceased to expand, the new position of the 
end of the mercury column would be marked. These two points would then be 
labelled 0 °C and 100 °C respectively (see Figure 5). The length of mercury column 
between the two marks would then be divided into one-hundred equal parts so that 
each of the divisions corresponds to a temperature interval of 1 °C. Note that in 
following this procedure we have, in effect, defined the temperature change (AT) to be 
proportional to the change in length (AI) of the mercury column (assuming the 
mercury column has a constant cross-sectional area). That is, we have defined 
increments of temperature by the equation 


AT x Al 
Or AT = constant x Al (1) 


Of course, since the interval of 1 °C now corresponds to a known, fixed length of 
mercury column on this particular thermometer, it is possible to extend the scale 
above 100 °C and below 0 ^C. We would simply mark off divisions (of the same 
length as before) as far as is convenient along the stem of the thermometer (see 
Figure 6). 


—20 0 20 40 60 80 100 120 140°C 

Figure 6 The temperature scale can be extended beyond 100 °C and below 0 °C by assum- 
ing that the ‘size’ of the 1 °C interval is the same in these regions as it was in the region 
between the two calibration points. (Look again, also, at Figure 3.) 


The other scale frequently used for scientific work is the absolute temperature scale, 
in which the basic unit is the kelvin. As you will see in Section 2.2, the Celsius scale has, 
since 1954, been related formally (i.e. by a mathematical equation) to the absolute 
scale. Consequently, the calibration points for the absolute scale now serve also to 
define the Celsius scale. However, when the formal relationship between these two 
scales was set up, care was taken to ensure that the freezing and boiling points of 
water would still occur (to an accuracy of two decimal figures) at 0.00 °C and 100.00 °C 
respectively. Consequently, the calibration procedure described above is, for most 
practical purposes, still a valid way of calibrating liquid-in-glass thermometers. This 
point will be clearer after you have studied Section 2.2. 


* Units of pressure are discussed in Section 2.1. Suffice it to say here that 1 atmosphere is the 
average value of the atmospheric pressure at sea-level. Don't worry at this stage, either, 
about the exact meaning of thermal equilibrium; this will be explained in Section 2.3. 


temperature scale 


calibration points 


mixture 


of ice of steam 
and water and water 


Figure 5 Calibrating a mercury-in-glass 
thermometer on the Celsius scale. The 
Celsius scale is often called the centigrade 
scale, since the range between the two 
calibration points is divided into 
one-hundred parts. 


absolute temperature scale 
kelvin 


1.3 


1.3.1 


The concept of heat 


The distinction between temperature and heat 


It is very easy when first meeting the ideas of temperature and heat to think that 
temperature is simply a measure of the ‘heat content’ of some object. This is not the 
case. To see why, consider the following example. I have two identical blocks of ice at 
0 °C (see Figure 7) and two beakers of water. One of the beakers contains 1 litre of 


30°C 


BEFORE 1 litre 0.25 litre 


6 6 


AFTER 
m e 


water at 0°C 4 
* ices.” 
0°C 


water (1 litre of water has a mass of almost exactly 1 kg) at a temperature of 30 °C. The 
other beaker contains only 0.25 litre of water, but at a temperature of 95 °C (i.e. it is 
almost boiling). When the contents of one beaker are emptied over one of the blocks 
of ice, and the contents of the other beaker emptied over the other block of ice, the 
following observation is made: the water that was almost at boiling point melts less 
of the ice than the tepid water at 30 °C. If we assume that the amount of ice that 
melts is, in each case, a measure of the ‘heat content’ of the water, then clearly, in this 
example, there is more ‘heat content’ in the larger mass of water at the lower tempera- 
ture than in the smaller mass of water at the higher temperature. The ‘heat content’ 
is not just determined by the temperature alone; it is also dependent on the mass of 
substance involved. 


In the metric system of units, the unit of heat was called the kilocalorie, or kilogram- 
calorie, (and abbreviated to kcal).* It was defined as: 


that quantity of heat required to raise the temperature of 1 kilogram of pure 
water by 1 °C. 


Unfortunately, the magnitude of the unit of heat defined in this way was found to 
depend very slightly on which particular degree Celsius was chosen. Consequently, 
the definition of the kilocalorie was later refined to: 


that quantity of heat required to raise the temperature of 1 kg of pure water 
from 14.5 °C to 15.5 °C (at a pressure of 1 atmosphere). 


This idea is illustrated in Figure 8. 


kcal 
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E 
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gs 
| 
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amount of heat required to raise the 
temperature of 1kg of water by 1°C 


996 | 
15°C 
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0 20 40 60 80 100 


temperature/^C 


* The Calorie (which should be written with a capital C) used by dieticians is the same as the 
kilocalorie defined here. 
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Figure 7 1 litre of water at 30°C melts 
more ice than 0.25 litre of water at 95°C 
(I am assuming that the water tray 
remains permanently at 0°C, so that its 
thermal properties can be ignored.) 


kilocalorie (Calorie) 


Figure8 The amount of heat required 
to raise the temperature of 1 kg of water 
by 1 °C depends on which particular 
degree Celsius increment is chosen. If the 
amount of heat required to raise the 
temperature from 14.5°C to 15.5°C is 
defined to be exactly 1.000 kcal, then 
only about 0.997 kcal are needed for the 
temperature increase 39.5 ^C to 40.5°C, 
whereas 1.008 kcal are required for the 
temperature increase —0.5°C to +0.5°C. 
Note, however, that the total variation 

is only about 17; over the whole 
temperature range 0°C to 100°C. 


1:3-2 


1.3.3 


Specific heat 


One other fact emerges from this definition of the kilocalorie; the definition stipulates 
‘pure water’. Why? Well, the answer is really very simple. It’s because different sub- 
stances require different amounts of heat to increase their temperature by 1 °C, even if 
their masses are identical. For instance, a 1 kg block of aluminium requires about 
twice as much heat to produce a given temperature rise as a 1 kg block of copper. This 
‘resistance to heating’—if you like, a kind of ‘thermal inertia’ of the substance—is 
known as the specific heat of the substance. It is designated by the symbol c, and 
defined as the amount of heat required to raise the temperature of one kilogram of the 
substance by 1 °C. Table 1 shows the average specific heats of a variety of substances. 


In light of this definition, it is now possible to write down an equation for the amount 
of heat transferred, Q, when a mass, M, of a substance with a specific heat, c, undergoes 
a change of temperature, AT. (Note that it is appropriate to use AT here rather than 
T, since it is the temperature difference that is involved. Note also, however, that the 
symbol AT does not necessarily indicate a small change in T.) The equation is: 


Q — McAT Q) 


If Q is in units of kcal, M in kg, and AT in degrees Celsius, then c has units of kcal 
kee eC 


It is sometimes convenient to ‘lump together’ the quantities M and c in equation 2; the 
combined quantity Mc is then called the heat capacity of the object. It is usually 
designated by the capital symbol C. Equation 2 then becomes 


Q=CAT (3) 


If the heat capacity of an object is large, then the transfer of a given amount of heat to 
that object may well produce only a small temperature rise. On the other hand, if C 
is small, a much larger temperature rise will be produced by the transfer of the same 
amount of heat. 


A worked example 


You should now be in a position to do simple calculations involving heat transfers. 
Follow through the worked example below, and then attempt the slightly more 
complicated ITQ by yourself. (Don’t forget, ITQs are meant to be an integral part of 
the teaching strategy; you should not skip them!) 


Example How many kilocalories are required to raise the temperature of a 
1 kg block of ice from —30 °C to —5 °C? 


Answer The specific heat of ice is given in Table 1 as 0.5 kcal kg! °C +. The 
temperature rise desired is 25 °C. Hence, from equation 2 


kcal 
kg ^C 


ITQ 1 0.25 kg of very hot tea (Tea = 95 °C) is poured into a mug, which has 
a mass of 0.2 kg and is at room temperature (Taug = 20 °C). Assuming that no 
heat is absorbed from, or lost to, the surroundings, and assuming also that 
‘heat is conserved’ (so that heat lost from the hot tea is transferred to the mug), 
find the new temperature of the tea when in the mug. Assume that the specific 
heat of tea is the same as that of water, and assume the mug is made of glass. 


Q=1kg x 0.5 x 25°C = 12.5 kcal 


1.3.4 Two specific heats 


It is also important to note that the specific heat of a substance depends not only on 
the particular substance involved, but also on the external conditions under which 
the heat is applied to the substance. There is a whole range of such conditions, but two, 
in particular, are of special interest: the specific heat determined at constant pressure 
(denoted cp) and the specific heat at constant volume (denoted cp). Since solids and 
liquids are usually heated at constant pressure (generally atmospheric pressure) only 
cp is normally quoted for these substances. In any case, the difference between cp and 
cy for solids and liquids is negligible under ordinary circumstances. 


This is not the case with gases. As you will see in Section 2.2, gases are frequently 
heated in such a way that either their pressure is kept constant while the volume 
increases, or the volume is kept the same, so forcing the pressure to increase. The 
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Table 1 The specific heats of various 
materials. (Unless stated otherwise, the 
values quoted are average values taken 
over the temperature range 0°C- 
100°C.) 


Specific heat 
Substance Eig i50 t 
Solids 
aluminium 0.22 
asbestos 0.20 
copper 0.093 
glass 0.20 
gold 0.030 
granite 0.19 
ice (at —20°C) 0.50 
iron 0.11 
lead 0.031 
marble 0.21 
silver 0.056 
wood 0.42 
zinc 0.092 
Liquids 
benzene (at 20°C) 0.41 
ethyl alcohol (at 20°C) 0.58 
mercury 0.033 
sulphuric acid 0.27 
turpentine 0.42 
water (at 15°C) 1.00* 
Gases (at constant pressure) 
air (at 50°C) 0.25 
helium (at 20°C) 1.24 
steam (at 110°C) 0.48 


* It is the abnormally high specific heat of 
water that makes it an efficient conveyor of 
heat. That, together with its abundance, is 
why it is used in domestic hot-water heat- 
ing systems. 
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specific heats (cp and cy) in these two cases are quite different. All the specific heats 
quoted in Table 1 are specific heats at constant pressure, cp. 


Heat as energy 


So far in this Unit, I have been discussing heat in terms of what it can do, or how it 
behaves, rather than in terms of ‘what it is’. Now, this is a perfectly valid approach in 
physics —it’s how, for instance, Newton dealt with the concept of mass, and Coulomb 
with the concept of electric charge. However, you may be aware, particularly if you 
have studied the Science Foundation Course, that we nowadays understand heat to 
be a ‘form of energy’. So why have I persisted in treating it here as a completely 
independent quantity? 


The answer to this question is two-fold. First, I have treated the subject like this 
because this is historically the way it was developed. The concept of heat was first 
differentiated from the concept of temperature in about 1750, when the Scottish 
scientist Joseph Black introduced the idea of the specific heat of a substance. This 
quickly led to the establishment of the kilocalorie (or, more accurately, the calorie 
in the original system of units) as the unit of heat quantity, and this in turn then enabled 
scientists to build up an impressively systematic and quantitative body of knowledge 
of thermal phenomena. It wasn’t until about 1850, a century later, that Joule performed 
his classic experiments* showing that there was always a fixed relationship between 
the amount of ‘mechanical work done’ on a system and the ‘quantity of heat’ produced 
in that system, thereby demonstrating that there must also be a quantitative relation- 
ship between the unit of heat, the kilocalorie, and the unit of energy, the joule. But 
by this time, many data relating to the thermal properties of matter (specific heats, for 
instance) had already been determined and published in the scientific literature; and of 
course, numerical values had always been quantified in the already established unit 
of heat quantity, the kilocalorie (or calorie). As you might imagine, there was much 
resistance (which still persists today) to any idea of abandoning the established unit 
of heat in favour of the unit of energy merely because Joule had shown there was an 
equivalence between the two! 


Nevertheless, the approved SI convention now is to use joules (rather than kilo- 
calories) in units relating to thermal properties. You will find textbooks and scientific 
papers today almost equally divided on this point, with perhaps the majority of those 
in the life-sciences (as distinct from those in the physical sciences) still favouring the 
kilocalorie. Not that it matters; because what Joule’s work has enabled us to do is 
specify a numerical relationship between the two units. By international agreement, 
the kilocalorie is now defined by the identity 


1 kcal = 4 186.8 joules, exactly 


My second reason for presenting the ideas this way round is that the concept of heat 
as energy can be seen more intuitively, and given more of a theoretical basis, once the 
kinetic theory of matter has been developed. (Indeed, as you will see in Section 3, 
kinetic-theory ideas were first taken up seriously at more or less the same time as 
Joule was performing his experiments on the ‘mechanical equivalent of heat’.) 
Consequently, I shall defer further discussion of this topic until Section 4; there I shall 
look at the underlying microscopic explanation of heat as energy. Until then, I shall 
continue to deal with heat as an independent quantity, and continue to use the 
kilocalorie as the unit of heat quantity. (In tables of data, however, I shall, from now 
on, express thermal quantities in units using both kilocalories and joules.) 


Changes of state 


In Section 1.3, I encouraged you to think of heat as some quantity capable of raising 
the temperature of a given object; furthermore, equation 2 enabled you to quantify 
the amount of heat required to do this in any particular set of circumstances. But, it is 
not always the case that the addition or removal of heat results in a change of tempera- 
ture. The example cited at the beginning of the previous Section (in which a large 
quantity of tepid water melted more ice than a small quantity of very hot water—see 
Figure 7) was an instance in which the addition of heat (in this case to the block of ice) 


* Some of the experiments performed by Joule and his co-workers were discussed in Unit 8 
of S101. 


$271 UNIT 11 


11 


did not involve the ice in a temperature change; the temperature of the ice before it 

melted (i.e. 0 °C) was the same as the temperature of the water that resulted from the 

melting process. The reason why there was no temperature change in this case was 

that the heat supplied was used instead to make the ice change state—i.e. change from change of state (phase change or 
ice into water.* A similar phenomenon occurs when water boils—when it changes transition) 

state from water to steam. 


Look at Figure 9. A graph like this is known as a heating curve. It shows the way in heating curve 
which the temperature of a 1 kg block of ice (initially at a temperature of —50 °C) 

increases as heat is added at a constant rate of (in this case) 1 kcal every second. Since 

the specific heat of ice, as given in Table 1, is 0.5 kcal kg~ ! ^C" !, then 25 kcal, and 

hence 25 seconds, are required to raise the 1 kg block from — 50 °C to 0 °C. 


200 


Da 
e 


water boils 


I9! 
= 100 745s 
5 | | 
3 
S 5d | | í 
steam 
2 ice melts | ieri | 
9 | ze celi | Figure 9 The heating curve for | kg 
0 | | of ice, initially at a temperature of 
| | — 50°C. Heat energy is added at the 
50 = 3 E : // z constant rate of 1 kcal per second. (The 
Jes 50 100 150 200 250 700 750 800 pressure is assumed to be constant, at a 
time/seconds value of 1 atmosphere.) 


When the temperature of the ice reaches 0 °C, it ceases to rise, even though heat is still 
being added at the rate of 1 kcal/second. In fact a further 80 seconds elapse (equivalent 
to the addition of 80 kcal) before the temperature starts to rise again. During this time 
the heat converts the 1 kg of ice to 1 kg of water. When all the ice has been changed 
into water, the temperature starts to rise again. However, the specific heat of water is 
1.0kcalkg~ 1°C~ !— twice that ofice. So now 50 kcal are required to raise the tempera- 
ture of the water from 0 °C to 50 °C, (i.e. the slope of the heating curve is here only 
half as steep as it was for the ice); consequently a total of 100 kcal, or 100 seconds, are 
required to raise the temperature of the water from 0 °C to 100 °C. 


At 100 °C, the temperature again ceases to rise; now the heat is converting the water to 
steam. Assuming that steam is not lost from the system, a further 540 seconds have to 
elapse (with heat being put in at a constant rate of 1 kcal/second) before the tempera- 
ture starts to rise again. Since the specific heat of steam is about 0.48 kcal kg ! °C7 !, 
the slope of the heating curve in this region is just slightly steeper than it was for the 
ice region. 


Since the heat required to change the state of a substance does not reveal itself by a 

change of temperature, it is sometimes called ‘hidden’ or latent heat. We can describe latent heat 

the change-of-state properties of a substance by defining two quantities. The specific specific latent heat of fusion 
latent heat of fusion (or sometimes just the heat of fusion) of a substance is that amount 

of heat required to convert 1 kg of the substance at a fixed temperature (usually its 

melting point at 1 atmosphere) from its solid to liquid state. Conversely, the same 

quantity of heat must be removed from 1 kg of the liquid (at its melting point) to 

change it to a solid. 


Similarly, the specific latent heat of vaporization (or simply the heat of vaporization) specific latent heat of vaporization 
of a substance is that amount of heat required to convert 1 kg of the substance at a 

fixed temperature (usually its boiling point at 1 atm) from its liquid to gaseous (vapour) 

state. Again the converse applies: the same amount of heat must be removed from 

1 kg of the gas (at its boiling point) to change it to a liquid. We usually denote the 

specific latent heat of fusion by the symbol /,, and the specific latent heat of vaporiza- 

tion by the symbol I,. 


ITQ 2 Deduce from the heating curve of Figure 9 the specific latent heats of 
fusion and vaporization of water at 0 °C and 100 °C respectively. 


* Some books use the terms phase change or phase transition as alternatives to 'change of 
state’. 
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Table 2 Specific latent heats of fusion and vaporization of some common materials at their 
respective normal melting and boiling points. 


specific latent specific latent 
heat of fusion à heat of 
melting point I boiling point vaporization /, 
Substance eC kcalkg ! (kJkg !) "e kcalkg ! (kJkg +) 
aluminium 659.7 90 (377)* 2467 2720  (11390)* 
ammonia —78 108 (452) — 33.5 327 (1369) 
bismuth 271.3 12.5 (52.3) 1560 190 (795) 
bromine —7.2 16 (67) 58.78 43 (180) 
copper 1083 32 (134) 2595 1211 (5070) 
ethyl alcohol —114 25 (105) 78 204 (854) 
gold 1064.4 15.4 (64.5) 2966 377 (1 578) 
helium? — — — 268.9 5 (21) 
hydrogen —259 14 (59) —252.9 108 (452) 
lead 3272 5:9 (24.7) 1744 206 (862) 
lithium 179 160 (670) 1317 511 (2 139) 
mercury — 38.9 2.8 (11.7) 356.6 70 (293) 
nitrogen —209.9 6.09 (25.50) —195.8 48 (201) 
oxygen —218.4 3.3 (13.8) —183.0 51 (214) 
silver 961.9 211 (88.3) 2212 558 (2 336) 
- sulphur (monoclinic) 119.0 OF (38.1) 444.7 78 (327) 
sulphuric acid 8.6 39 (163) 326 122 (511) 
tungsten 3410 44 (184) 5927 1150 (4815) 
uranium 1133 20 (84) 3818 454 (1900) 
water 0 eo 225 100 SGD 226 | 
zinc 419.6 24 (100) 907 475 (1990) 


* The figures in brackets are values of l; and /, in units of kJ kg" +. 
t Helium does not solidify at atmospheric pressure. 


Table 2 shows the heats of fusion and vaporization of a variety of substances at their 
respective normal melting and boiling points. (You should fill in the values of I; and 1, 
for water yourself) Armed with this information, you should now be able to do 
calculations that involve changes of state. For example: 


Calculate the mass of ice that is melted in the two cases shown in Figure 7 
(Section 1.3.1). Recall that one beaker had 1 kg of water at 30 °C, and the other 
beaker 0.25 kg of water at 95 °C. Recall also that the ice to be melted is already 
at its melting point (0 ^C). You may assume that all the water poured onto the 
ice is cooled to 0 *C. 


To begin to answer this question, you must first determine the amount of heat 
that can be transferred from the two beakers of water as their contents are 
cooled down to 0 *C. 


Beaker | The heat given up in cooling 1 kg of water from 30 °C to 0 °C is 
Q, = ME X Cwater X AT 
kcal 
= 1 kg x 1—— x 30°C 
Š kg °C 
= 30 kcal 
Beaker 2 Similarly, the heat given out when 0.25 kg of water is cooled from 
95 °C to 0 °C is 
Qi 00s ka 1 eee 
= 0. x 1—— x 
: EX eC 
= 23.75 kcal 


But l; for water is 80 kcal kg". This means that 80 kcal would be required to 
melt 1 kg of ice. Hence in the first case, 30 kcal will melt (30/80) kg of ice—that 
is 0.375 kg. In the second case, only (23.75/80) kg of ice will melt—that is 
approximately 0.297 kg. As noted before, the cooler water melts more ice. 
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Summary of the main ideas in Section 1 


Temperature is defined, and can be measured, in terms of an observable change in 
some specified thermometric property. It was initially defined by the linear expansion 
ofa column of mercury (in a narrow glass tube of uniform cross-section) in such a way 
that an increase in temperature was proportional to an increase in length of the 
mercury column. 


The Celsius (or centigrade) temperature scale was originally defined by assigning the 
value of 0 °C to the freezing point of pure water at a pressure of 1 atmosphere, and the 
value of 100 °C to the boiling point of pure water at the same pressure. 


One kilocalorie was initially defined as that quantity of heat which, when added to 
1 kg of pure water (at a pressure of 1 atmosphere), increases the water’s temperature 
by 1 °C from 14.5 °C to 15.5 °C. It is now defined to be numerically equivalent to 
exactly 4 186.8 joules. 


The quantity of heat required to change the temperature of an object by AT is given by 
the equation Q = McAT, where M is the mass of the object, and c is known as the 
specific heat of the substance making up the object. The quantity Mc is called the 
heat capacity of the object. A substance’s specific heat is numerically equal to the 
quantity of heat needed to raise the temperature of 1 kg of the substance by 1 °C. 


For gases, it is common to quote two different specific heats—that measured at 
constant volume is denoted by the symbol cy, that at constant pressure by the symbol 
Cp. 


When a substance melts/freezes or boils/condenses it is said to change state. During 
such changes of state, heat is absorbed, or given out, without there being any ac- 
companying temperature change. 


The specific latent heat of fusion of a substance is defined to be the amount of heat 
required to convert 1 kg ofthat substance, at a fixed temperature, from the solid to the 
liquid state. 


The specific latent heat of vaporization of a substance is defined to be the amount of 
heat required to convert 1 kg of that substance, at a fixed temperature, from the liquid 
to the gaseous state. 


Self-assessment questions for Section 1 


You should use the data given in Tables 1 and 2 of this Unit, where appropriate, to 
help you answer the following questions. 


SAQ 1 (a) How much heat must be transferred to a 2 kg block of aluminium to 
raise its temperature from 20 °C to 70 °C? 


(b) If this same amount of heat is transferred to an equal mass of copper, initially at 
20 *C, what will be the final temperature of the copper? 


SAQ 2 Experiments have shown that the metabolic processes in an average, adult 
human being produce approximately 1 850 kcal of heat per day. Assuming that the 
average specific heat of the human body is a little less than that for water (say about 
0.9 kcal kg" ! °C~*), estimate the daily rise in body temperature (upwards from the 
normal body temperature of 37 °C), that would be produced in a 70 kg (roughly 
11 stone) person, if none of this heat was lost from the body in any way. (Naturally, 
this last assumption is not a valid one!) 


SAQ 3 A0.5kg aluminium pot contains 1.5 kg of water. The pot and the water are 
both at room temperature (20 °C). A 0.2 kg iron ball, initially at a temperature of 
95 °C, is dropped into the water. Assuming that no heat is ‘lost’ to the surroundings, 
calculate the resulting final temperature of the water (and therefore also of the iron 
ball and aluminium pot). 


SAQ 4 Estimate the heat lost from the body per day by the evaporation of sweat, 
given that the average perspiration loss is 0.03 kg per hour, and that the average 
specific latent heat of vaporization of perspiration at body temperature is 580 kcal 
ke; 
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SAQ 5 Person A scalds himself by allowing 0.01 kg of water that is only marginally 
below its boiling point (you may assume for calculation purposes that it is actually 
at 100°C) to come into contact with his skin at 20°C. Person B burns himself by 
allowing 0.01 kg of steam at exactly 100 °C to come into contact with his skin at 20 °C. 
Demonstrate that B sustains burns much more severe than those of A. 


SAQ 6 Calculate how much steam (at 100°C) is produced when a 10kg bar of 
iron is taken from a furnace at 1 500 °C and plunged into a 10 kg copper tank con- 
taining 100 kg of water at 50.0°C, given that the final temperature of the water is 
50.1 °C. (Assume no heat is lost to the surroundings during the time it takes the water 
to come to this final uniform temperature.) 


Gas thermometers and the ideal gas 


The fact that substances can change state at their melting and boiling points causes 
practical difficulties when designing a thermometer. For instance, the column of 
mercury in a glass tube—the system I have been using up till now to define the con- 
cept of temperature (equation 1, Section 1.2)—ceases to be useful below —38.9°C 
(the temperature at which the mercury freezes), and above 356.6 °C (the boiling point 
of mercury). So, although satisfactory for everyday applications, the mercury-in-glass 
thermometer is not suitable for wide-ranging scientific work (either for making 
measurements, or for providing an operational definition of temperature). Something 
more versatile is called for. 


In 1702, Guillaume Amontons invented the gas thermometer. But since the instrument 
was not particularly convenient to use, its virtues were not immediately appreciated. 
Today, we realize that this type of thermometer is capable of overcoming many of the 
drawbacks of other thermometers; and indeed, as you will see in a moment, it is 
now used to define the basic SI standard of temperature. In addition, it was the gas 
thermometer that led to the prediction of the existence of an absolute zero of tem- 
perature, i.e. a lower limit to the temperature that matter can attain. Consequently, 
one of the main points of discussion of this Section of the Unit will be the gas ther- 
mometer and its implications. 


However, since the way towards the invention of this thermometer was prepared, to 
some extent, by the earlier experiments of the Irish scientist, Robert Boyle, I want 
first of all to consider the important discovery that is known nowadays as Boyle's law. 


Boyle's law 


The behaviour of gases 


A gas, when compared with a solid or a liquid, behaves in a somewhat unusual 
way. For instance, the volume of a given solid or liquid is a quantity that can be 
measured and that remains fixed provided the temperature doesn't change. But what 
is the volume of a gas? The answer, of course, is that the volume of a gas is the same 
as the volume of its container—change the volume of the container and the volume 
of the gas changes too. The gas, it would appear, expands to fill the space available. 


Secondly, a gas exerts a uniform force (which has nothing to do with gravity) on all 
parts of its container — something that a solid or liquid doesn't do. To be more 
precise, since the force exerted by the gas is not localized at one point, we prefer 
instead to talk about the pressure exerted by the gas, where pressure is defined as the 
magnitude of the force divided by the area of surface perpendicular to the direction 
of action of the force. In other words, pressure is a measure of the perpendicular force 
per unit area (see Figure 10) and can be calculated from the equation 


P- perpendicular force F 
A 


(4) 


where, in SI units, P will be given in newtons per square metre.* 
Actually, even when not in a container, a gas still exerts a pressure on objects with 


which it is in contact. You know, for example, that there is a pressure associated with 


* | newton per square metre (1 Nm ?) is also called 1 pascal (1 Pa) after the 17th century 
French scientist, Blaise Pascal. 
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area A 


E 
= 


Pee 


perpendicular force 


pressure = area 


Figure 10 Pressure is defined as the 
perpendicular force per unit area. 


perpendicular force F 
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the air in the atmosphere; we tend not to be aware of it because the pressures inside 
and outside our bodies are usually in balance. It is, nevertheless, quite considerable 
(see Figure 11). 


atmospheric 
pressure 
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mercury 


The value of atmospheric pressure can be measured by using a simple mercury 
barometer. The air pressure exerted on the surface of the mercury in the dish 
forces mercury to rise up the sealed, evacuated, glass tube. The mercury column 
will cease to rise when the pressure it exerts exactly balances the air pressure 
acting on the mercury in the dish. 


The pressure exerted by the column of mercury is 


perpendicular force F 
A 


P= 


where A is the cross-sectional area of the column. But you know (from Unit 3) 
that the downwards, perpendicular force exerted by the mercury column has a 
magnitude Mg, where M is the mass of the mercury column, and g the accelera- 
tion due to gravity. Hence 


M 
p. Mà 
A 


Density p is defined as mass/volume, and here the volume of mercury in the 
tube is Ah. Therefore 
pAhg 


p-2t—* = pg 
4 "gh 


Thus, if p and g are constant, P is proportional to the height of the mercury 
column, and the magnitude of the air pressure can be said to be equivalent to 
h millimetres of mercury. 


Figure 11 A famous demonstration of 
air pressure was set up in the 17th 
century by a one-time mayor of 
Magdeburg, Otto Van Guericke. He had 
developed a form of vacuum pump, and 
with it he evacuated the air from a large 
sphere made up from two bronze 
hemispheres pushed together. He then 
challenged the assembled crowd to pull 
the hemispheres apart; of course, 

no one could. He then went on to 
demonstrate that two teams of eight 
horses could not pull them apart either. 
The effect of atmospheric pressure is very 
much in evidence in this demonstration 
simply because the pressure outside the 
sphere is not balanced by an equal 
pressure inside. 


Figure 12 Pressure is frequently 
expressed in ‘units’ of millimetres of 
mercury. 1 mm of mercury is also 
sometimes called a pressure of 1 torr 
(after the 17th century Italian scientist, 
Evangelista Torricelli). 


2.1.2 


The magnitude of this atmospheric pressure, at sea-level, is found to be about 
1.013 x 10° newtons per square metre. (This, of course, is the average value of 
atmospheric pressure; local weather conditions can cause departures of a few percent 
from this average value. Indeed, we use changes in the measured pressure as a way of 
predicting daily weather changes.) In many situations, it is convenient to be able to 
express pressure values in multiples of this average sea-level atmospheric pressure. 
Consequently, another unit of pressure, the atmosphere (abbreviated to atm), has 
been introduced. Since 1954, 1 atmosphere (which is the pressure I mentioned several 
times in Section 1 of this Unit) has been defined exactly by the identity 


1 atm = 1.01325 x 1 Nm? (5) 


One other commonly encountered ‘unit’ of pressure is the millimetre of mercury (often 
abbreviated to mm Hg). The rationale for using this unit is given in Figure 12. 


Boyle's experiment 


So, in view of the fact that gases can take on a whole variety of different volumes and 
pressures, it's not surprising that Robert Boyle was ‘not without delight and satis- 
faction" when he discovered, in 1661, that the pressure and the volume of a given 
quantity of air were related in a definite way, provided the temperature was not allowed 
to change. What he discovered was that whenever the given quantity of contained air 
occupied a volume V, , then it exerted a unique pressure P, on its container. If the 
volume was changed, the pressure also changed in response. But when the volume was 
changed back to V,, the pressure also changed back to P,. In other words, each 
possible value for the volume V of the air has associated with it one, and only one, 
corresponding value of pressure P. 


P 
T constant 
T constant 

a 
2 
= 
A 
o 
a 

> —— 

(a) volume V (b) 1/V 


The particular relationship that Boyle found between P and V is shown in Figure 13a. 
Clearly, it is not linear, so P is not directly proportional to V. However, Boyle noticed 
that if P were plotted against 1/V, then a straight line would result (Figure 13b). As he 
wrote in his paper; ‘the pressures and volumes of air . . . are in reciprocal proportions’. 
Hence the equation that describes the relationship between the pressure and volume 
ofa fixed quantity of air (at a fixed temperature) is 


P c 1/V 
Or PV = constant (6) 


Figure 14 summarizes this relationship. As the volume of the gas in the cylinder is 
halved, the pressure exerted by the gas (and hence the force that has to be applied to 


pressure = 1x 10* N m? P=2x10*N m2 


the piston to prevent it from moving) increases by a factor of two. In practice, equation 
6 is even more general than this; it still holds true whatever the shape of container, 
whatever the area of the piston, and (to a good approximation) whatever the nature 
of the gas. Equation 6 is known as Boyle’s law. Boyle himself tested the validity of 
this equation for air at pressures ranging from about 1/30 atm to about 4 atm. 
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atmospheric pressure 


atmosphere atm 


millimetre of mercury 


Figure 13 (a) A given sample of gas at 
a constant temperature, occupying a 
given volume V, exerts a pressure P on 
the walls of its container. For each value 
of V, the value of P is uniquely 
determined. However, the relationship is 
not linear—the curve is a hyperbola. 

(b) A plot of P against 1/V does result in a 
straight line. 


Figure 14 When the volume available to 
the gas is halved, the pressure exerted by 
the gas is doubled. 


Boyle's law 
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2.2.1 


An absolute temperature scale 


The gas thermometer 


You probably noticed that, several times in the previous Section, I made the caveat 
that Boyle’s law was true provided the temperature remained constant. But Boyle’s 
law doesn’t say what the temperature must be—only that it must be constant for the 
duration of any experiment attempting to test equation 6. So, how would the graphs 
of Figures 13a and 13b change if we were to repeat the experiment, but at a different 
constant temperature? 


The answer to this question is shown in Figure 15. A different temperature gives a 
different constant of proportionality in equation 6 and hence a different gradient to 
the straight-line plot of P against 1/V in Figure 15b. Now this is very interesting. It 
suggests that a change in pressure of a fixed volume of gas can be used as a measure 


P 
(a) P T, (b) 
T, 
| 
| 
TEPEE 
12 cq Ti 
| 
T | 
ie ara 
7 D" | 
tft | 
7 
"d 
0 > of — Ed 
0 Vised V 0 Iss yv 


of temperature (i.e. as a thermometric property) in much the same way as we previously 
used a change in length of a thread of mercury to measure temperature. A ther- 
mometer based on this principle of changing gas pressures is called a constant- 
volume gas thermometer. As mentioned earlier, such a thermometer now provides the 
‘operational’ basis of the SI definition of temperature.* 


capillary 
tubing 


low density mercury 


gas 


* Figure 15 also suggests that a change in volume, at a fixed pressure, could be used as a 
temperature measure. In fact, thermometers based on this principle (constant-pressure gas 
thermometers) do exist; they are not as versatile as constant-volume gas thermometers. 
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Figure 15 When the temperature of the 
gas is changed, P still remains 
proportional to 1/V, but the constant of 
proportionality is altered. For a fixed 
volume of gas, the pressure depends on 
the temperature. 


gas thermometer 


Figure 16 A stylized constant-volume 
gas thermometer. The pressure of the 
gas in the bulb is equivalent to hmm of 
mercury (where 760mm of mercury ~ 1 
atmosphere ~ 1.013 x 105 N m^?) 
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Figure 16 shows an idealized constant-volume gas thermometer. Suppose the glass 
bulb containing the gas (which, incidentally, is usually at low density) is placed in a 
high temperature environment. Then the gas in the bulb expands, forcing the mercury 
at A down the tube. But we wish to know how the pressure changes when the volume 
is kept constant. Hence, we raise the tube BD (so increasing the ‘head of mercury’ in 
this tube) until the mercury in the left hand tube comes back to the mark at A. The 
pressure of the gas in the bulb is now given by the height of the mercury in column 
CD.* This length CD will be greater (i.e. the gas pressure will be higher) the higher the 
temperature of the environment into which the bulb is placed. 


2.2.2 Is the gas thermometer a ‘better’ thermometer? 


In what way might this new thermometer be any better than previous thermometers? Table 3 Liquefaction tempera- 

At the most obvious level, I could answer this by saying that it can provide measure- tures (at atmospheric pressure) 

ments over a much greater range than the mercury-in-glass thermometer; most of the of some common gases. 

common gases liquefy at temperatures well below the freezing point of mercury. Gas Temperature/°C 

As you can see from Table 3, a constant-volume helium thermometer, for example, 

operating with a gas pressure of around 1 atm, could be used to measure temperatures helium — 268.9 

as low as — 268.9 °C, and at lower gas pressures it could reach even lower tempera- hydrogen —252:9 

tures. But there is an even more important reason for preferring this new thermometer. neon — 246.0 
nitrogen — 195.8 


Consider what happens when we use two different types of thermometer—say a 
mercury-in-glass, and an alcohol-in-glass thermometer—to measure the same tem- OXygen —183.0 
perature. If the temperature to be measured is 0°C or 100°C, both thermometers 

would give the same reading—by calibrating them at these temperatures they are 

made to agree! But what happens at an intermediate temperature? It is highly 

unlikely that the way in which mercury expands as it is heated is exactly matched by 

the way in which alcohol expands. So, although the thermometers must agree at 0 °C 

and 100°C, they will, in all probability, give different readings at all other tempera- 

tures (see Figure 17). The discrepancy may well be very small—only a few tenths of 

a degree perhaps. Yet even so, this is not a very satisfactory situation, since the tem- 

perature measured is obviously going to depend on the particular thermometric 

substance used to make the thermometer. 
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Figure 17 The discrepancy (greatly exaggerated) between the expansion of a column of 
mercury and a column of alcohol. In (a), the temperature is defined in terms of the expan- 
sion of mercury in a mercury-in-glass thermometer. Hence, the relationship between the 
expansion of the mercury column and temperature must, by definition, be linear. In (b), on 
the other hand, temperature is defined in terms of the expansion of alcohol in an alcohol-in- 
glass thermometer, so that, here, it is the expansion of the alcohol column that is linear with 
temperature. Although, in both cases, the calibration procedure will ensure that the mercury's 
expansion curve coincides with the alcohol's expansion curve at 0°C and 100°C, it is 
highly unlikely that the curves will coincide at other temperatures. 


You may ask ‘which thermometer gives the correct temperature? And I would have 
to answer that the mercury thermometer gives the temperature on the mercury-in- 
glass thermometer scale, whereas the alcohol thermometer gives the temperature 
on the alcohol-in-glass thermometer scale. Only in so far as we previously defined 
temperature to be that quantity measured by the mercury thermometer could we 
say we preferred the mercury thermometer's reading. And that's no help at all once 
we get outside the range of the mercury thermometer. Of course, what we would 
ideally like is a temperature scale that is independent of the chance properties of any 
particular substance. 


* Here the pressure is being measured in *mm of mercury' (see Figure 12). 1 atmosphere is 
equivalent to approximately 760 mm of mercury. 


2.2.3 


So how does the gas thermometer help? Well, experiments carried out round about 
1800 had shown that when the volume of a gas was kept constant, the increase in 
pressure that resulted from a given increase in temperature did not depend very much 
on which particular gas was used. For example, the pressure of a fixed mass of hydrogen 
increases 1.37 times as the temperature is increased from 0 °C to 100°C. To within 
three significant figures this same increases also occurs when the gas is helium, or 
nitrogen, or oxygen. So, different gas thermometers, when used to measure tem- 
peratures away from the calibration temperatures, are likely to show agreement to 
more significant figures than would be the case with liquid-in-glass thermometers. 


Ideal-gas temperatures 


The situation described above can be even further improved. It is found that if the 
pressure of the gas in a constant-volume thermometer is made progressively lower 
(by removing some of the gas from the bulb, so reducing the gas density), then the 
discrepancy between different gases—a discrepancy that is already very small — be- 
comes progressively smaller. It would seem that, as the pressure (and therefore the 
gas density) is lowered, the gases lose their individual characteristics and all behave 
in the same way. In this low pressure limit, a gas is known as an ideal gas and I shall 
have more to say about the properties of an ideal gas in later Sections. Figure 18 
shows the discrepancy between readings of the temperature of the melting point of 
sulphur (in its so-called ‘monoclinic’ form) as measured by constant-volume ther- 
mometers utilizing different gases at different pressures. As the pressure tends 
towards zero, all the thermometers tend towards a reading of 119.0 °C. (You can see 
that even at atmospheric pressure the discrepancy between the worst cases (here H, 
and O,) is only about $ °C). We call the temperature measured by a gas thermometer 
in the limit as the pressure tends to zero, the ideal-gas scale temperature, or the 
absolute temperature. This temperature is truly independent of the thermometric 
substance. 


This is all very well, but how can we measure a temperature on the ideal-gas scale 
while using a real gas—say nitrogen—in the gas thermometer? Well, Figure 18 
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pressure of gas in thermometer /atmospheres 


should suggest a possible procedure to you. It is this. 


1 Fillthe thermometer bulb with a given quantity of nitrogen. Place the bulb in the 
material whose temperature is under investigation. Measure the pressure exerted 
by the nitrogen under these conditions, and calculate the temperature of the 
material under investigation. (The details of how this temperature is calculated 
will be discussed in a few pages time, in Section 2.2.5; assume for now that it can 
be done.) 

2 Reduce the amount of nitrogen in the bulb, and replace the thermometer in the 
material under investigation. Measure the new, lower, pressure exerted by the 
nitrogen, and calculate again the temperature of the material. (In general, this will 
be slightly different from the previously calculated temperature.) 

3 Repeat step 2 several times, noting each time the pressure of the nitrogen in the 
bulb and the calculated temperature of the material under investigation. 

4 Extrapolate the trend in temperature to its value at zero nitrogen pressure in the 
bulb. This will then be the ideal-gas scale temperature. 
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ideal gas 


ideal-gas scale 
absolute temperature scale 


Figure 18 The temperature reading 
(here, that of the melting point of sulphur) 
obtained with a constant-volume gas 
thermometer is independent of the 

gas used in the thermometer, provided 
that the gas has zero density (i.e. is at 
zero pressure). Even at atmospheric 
pressure, the discrepancy between the 
gases is only about 0.5 °C. 


2.2.4 


222.5 


The following ITQ should make this procedure clear. 


ITQ 3 An oxygen-filled gas thermometer is used to measure the normal 
melting point (i.e. the melting point at 1 atm) of zinc. Four measurements of the 
melting-point temperature are taken, each measurement corresponding to a 
different quantity (and therefore a different pressure) of oxygen in the 
thermometer bulb. The results are as follows: 


Pressure/atm Calculated temperature/°C 
(at the melting point of zinc) (of the melting point of zinc) 


2.50 420.71 
2.00 420.48 
1.50 420.26 
1.00 420.03 


Determine the normal melting point of zinc on the ideal-gas temperature scale. 


Absolute zero 


There was another important point that emerged from the experiments with gas 
thermometers: they appeared to indicate that there had to be an absolute zero of 
temperature. It was found that if the pressure of a gas was measured as a function of 


` temperature (in those days measured on the mercury-in-glass scale), then the straight- 


line plot obtained always gave the same temperature when extrapolated back to 
Zero pressure irrespective of the quantity of gas and irrespective of which particular 
gas was used.* As you can see from Figure 19, this zero-pressure temperature is 
— 213.15 °C. Of course, in practice, the gases had liquefied or solidified before they 
reached this temperature; nevertheless it was quite clear that —273.15°C was the 
unique temperature value to which they were all tending, and the value they would 
presumably have attained had they not been limited by these practical constraints. 
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Since it is impossible to imagine a gas exerting a negative pressure, this temperature 
of —273.15 °C must be the lowest temperature possible—it must be the absolute zero 
of temperature. Today we have many other pieces of evidence to confirm that this 
really is a true low temperature limit. 


The present-day temperature standard 


The whole question of the definition of a temperature standard was reviewed in 1954. 
It was agreed that the concept of temperature should be defined by the gas ther- 
mometer equation 


FER 
or T — constant x P (7) 


So now, by definition, zero temperature on this scale occurs at zero pressure. (This 
new definition of temperature has formalized what was an empirical fact on the old, 


* Provided that the initial pressure of each gas was not too high. 
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absolute zero 


Figure 19 When the straight-line plots 
of P against T were extrapolated back 


to zero pressure, they all intercepted the 


T-axis at the same temperature 
(—273.15 °C) irrespective of what gas, 
or how much of that gas, was used. 
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mercury-in-glass, temperature scale). Equation 7 satisfactorily redefines the con- 
cept of temperature, but as before, we must now define a suitable temperature 
scale. This means we must choose two calibration points, assign two temperature 
values to these points, and then, by subdivision, determine the size of the unit of 
temperature. Let’s take these ideas one at a time. 


First we need to decide again on two calibration points. This time, however, there is a 
subtle difference. Equation 7 differs from equation 1 (the equation that was used to 
define the mercury-in-glass thermometer scale) in that it relates absolute temperature 
to absolute pressure, rather than an increment in temperature to an increment in 
length. In practice, this means that equation 7 has one of its calibration points 
‘built in’, for by definition, T = 0 when P = 0. The old scale had to decide arbitrarily 
on a zero point — the new scale has an absolute zero point. 


So with this new definition of temperature, only one arbitrary calibration point is 
needed. What should it be? Well, it was generally agreed that, since the melting and 
boiling points of substances change as the pressure changes, (remember, 0 °C and 
100 °C were defined as the melting and boiling points of water, at a pressure of 1 
atmosphere), these were not ideal calibration points— they could not be reproduced 
sufficiently easily. So instead, it was suggested that the new calibration point should 
be the triple point of water. Let me explain what this means. 


At atmospheric pressure, water boils at 100 °C and freezes at 0 °C. As the pressure is 
reduced however, the boiling point of water falls (quite substantially) and the 
freezing point increases (though only very slightly). The result is that, as the pressure 
falls, the temperature difference between the boiling and freezing points gets smaller. 
At some critical value of pressure (actually about 600 N m~? or 0.006 atm), water 
boils and freezes at the same temperature! At this temperature and pressure, ice, 
water and steam all coexist in equilibrium. This is known as the triple point of water 
(see Figure 20), and the temperature at this point is known as the triple-point 
temperature. On the Celsius scale it is 0.01 °C. Now, unlike boiling and melting 
point temperatures (which vary with pressure) the triple-point temperature 
has a unique value, because the triple point itself can occur at only one particular 
pressure. This point, therefore, makes a much better calibration point. Furthermore, 
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Figure20 For any given combination of P and T, a substance exists in a particular phase— 
usually as a solid, liquid, or gas. The triple point of water is that combination of temperature 
and pressure at which ice, water and water vapour all coexist. (Remember that 1 atm ~ 
760 mm Hg.) 


it has the added virtue of being very easy to set up, experimentally, anywhere in the 
world. Figure 21 shows the construction of a triple-point cell of the type used by 
standards laboratories to calibrate their standard constant-volume gas thermo- 
meters. 


Having now chosen our upper calibration point, we must assign a value to it. By 
doing this, we will, in fact, be defining the size of the unit of temperature (i.e. the size 
of the new degree). Looked at another way, by assigning a value to this calibration 
point, we are determining the value of the constant in equation 7. Obviously, it would 
be perfectly legitimate to assign any convenient value to this upper fixed point. There 
are, however, definite advantages to be gained in making the size of the degree on our 
new temperature scale conform as nearly as possible to the size of the old degree — the 
the degree Celsius, and this can be done by arranging that there are the same number 


22 


triple point 


triple-point temperature 


water vapour 


water 


central well 


ice 


ice-water mixture 


vacuum flask 


Figure 21 A standard triple-point cell 
as used at the National Physical 
Laboratory. 


of degrees between absolute zero and the triple point on each scale. To this end, since 
absolute zero on the Celsius scale is — 273.15 °C and since the triple point of water 
is 0.01 °C, the triple point of water on the new scale should be defined to be 273.16 
degrees. These new degrees, the units of temperature on the absolute scale, are known 
as kelvins (after the Scottish physicist William Thomson, Lord Kelvin, 1824-1907). 
The symbol is K (without the degree sign). Hence, we say that, by definition, the 


temperature of the triple point of water = 273.16 K exactly (8) 


You can now see how this determines the constant in equation 7. Suppose equation 
7 is rewritten 


T/P = constant (9) 


When a particular gas thermometer is calibrated using the triple-point cell, it gives 
a gas-pressure reading, P,;,., corresponding to the triple-point temperature 
Tiripie (which, of course, is defined to be 273.16 K).* Hence, the constant can be found 
by substituting these values into equation 9 to give 


TE 
1 
constant = —7P* 


triple 


| 273.16 K 
up 


triple 


where P,,,, is the value that has just been experimentally determined. Substituting 
this value for the constant back into equation 7 gives 


273.16 K 
T = ————xP 


P (10) 


triple 


where P is the pressure reading given by this particular gas thermometer when exposed 
to the temperature T. This idea is summarized graphically in Figure 22. 
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So, to make a temperature measurement with a constant-volume gas thermometer, 
you would proceed as follows: 


1 Place the bulb of the gas thermometer into a triple-point cell, and wait for the 
system to stabilize. 


2 Adjust the mercury levels in the thermometer so as to bring the gas to its fixed, 
constant-volume mark. Again wait for the system to stabilize, and readjust 
slightly as necessary. Repeat this process until the system is completely stable. 


3 Measure the pressure of the gas in the bulb at this triple-point temperature. 


* Note that the value of P,,;,;. (i.e. the pressure of the gas in the thermometer bulb when at the 
triple-point temperature) will vary from thermometer to thermometer, depending on how 
much of what gas is enclosed in the bulb. Don't confuse this pressure with the triple-point 
pressure of water, which I stated earlier was about 600 Nm? or 0.006 atmospheres. 
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kelvins K 


Figure 22 The temperature-pressure 
relationship for a constant-volume gas 
thermometer. The gradient of the line is 
determined by the gas pressure P,ripie 
measured at the triple-point 
temperature of water. Once the line has 
been drawn, any further pressure 
measurements on this thermometer 
(e.g. P, and P5) can be immediately 
converted to temperature measurements 
(in kelvins) by reading directly from the 
graph. 
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4 Now, place the thermometer bulb in the environment whose temperature it is 
desired to measure. 

5 Adjust the mercury levels to bring the gas back to its constant volume. Wait for 
the systems to stabilize. Repeat this process as often as necessary until the system 
is completely stable. 

6 Measure the new pressure of the gas in the bulb at this temperature under 
investigation. 

7 Calculate the ratio of these two pressures (i.e. P/P,,ipj-), and then multiply by 
273.16 to give the required temperature in kelvins. 


Strictly speaking, if only the one pair of pressure values is measured, the temperature 
is being calculated in kelvins, but on the particular gas-thermometer scale relevant 
to the instrument being used (e.g. the hydrogen, nitrogen, or helium gas-thermometer 
scale). To make a careful measurement of temperature on the absolute (or ideal-gas) 
scale, each pair of pressure measurements has to be repeated, as explained earlier, at 
progressively lower gas pressures, (where lower pressures are achieved by removing 
some gas from the thermometer bulb), and on each occasion, the temperature 
calculated by multiplying the pressure ratio (P/P,,ip1-) by 273.16 K. Then, the ideal-gas 
temperature is found by extrapolating the temperature trend back to its theoretical 
value at zero gas pressure in the bulb. This extrapolation procedure can be expressed 
mathematically by the equation 


T-—-hmit s( E 


P>0 


) x 27316K (11) 


triple 


Note that, in the same way as was demonstrated in Unit 2 for the derivative, even 
though P — 0, the ratio P/P,,;,,, does not (necessarily) do so. 


Equation 11 summarizes the procedure by which precise temperature measure- 

ments are carried out in the standards laboratories around the world. It also em- 

bodies both the accepted SI definition of temperature (specified by equation 7 for an SI definition of temperature 
ideal gas), and the SI unit of temperature, the kelvin, (specified by defining the triple- 

point temperature of water to be exactly 273.16 K). 


ITQ 4 A constant-volume hydrogen thermometer is used to determine, as 
accurately as possible, the normal boiling point of sulphur. Three different 
measurements are made of the gas pressure in the thermometer bulb when it is 
in the environment of the vaporizing sulphur. For each of these measure- 
ments, there is a different, selected, amount of gas in the bulb. Using the same 


amounts of gas, three measurements of gas pressure are made with the bulb K e 
in a triple-point cell. The results are given below. 
water boils + 373.15 —— — 4100 
Gas pressure/kN m 7? at Gas pressure/kN m ? at 
the boiling point of sulphur the triple-point temperature 
300.000 114.214 body temperature -o E- 
room temperature + 293————— 0 
200.000 76.131 273.16 triple point 
100.000 38.060 water freezes 1273.15 ——— 
Determine the boiling point of sulphur on the ideal-gas temperature scale. 
; 4 k 4:200 
2.2.6 The relationship between the absolute and Celsius temperature solid CO; 3-195- ———— —78 
scales —100 
Since the adoption of the ideal-gas scale as the basis for the SI standard of tem- 
perature, the Celsius temperature scale has been redefined in terms of this new 
standard. Consequently, the old calibration points — the freezing and boiling points 
of water at 1 atm —are no longer relevant. The Celsius scale is now defined by the 100 
equation oxygen boils + 90.2 —— ——4— 183.0 
nitrogen boils + 77.4 ———— K— 195.8 
E T ~200 
- - 273.15 12 
°Celsius kelvin u 
Figure 23 compares the absolute and Celsius scales for a range of temperatures. hydrogen boils + 20.7 —— ——4-—252.5 
ITQ 5 The melting point and boiling point temperatures for water on the i i d prac TOUS 
absolute scale are found to be 273.15 K and 373.15 K respectively. What are Figure 23 Comparison of the absolute 
they in the redefined degrees Celsius? and Celsius temperature scales. 
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2.3 The law of thermal equilibrium 


Although you were probably not aware of it, throughout the preceding discussion 
on the measurement of temperature, I was making one fundamental and far-reaching 
assumption. I was assuming that the measurement given by the thermometer could 
tell me something about the temperature of the environment in which the ther- 
mometer was placed. Is such an assumption so obviously correct? When the bulb of a 
gas thermometer is placed in a constant temperature water-bath (say), then the 
pressure of the gas stabilizes at a particular value. By using equation 10, it is then 
possible to convert this pressure measurement into a temperature measurement. 
Yet it is important to realize that this calculated temperature is the temperature of the 
thermometer. We make the assumption that it is also the temperature of the water-bath, 
because we believe that, when the gas pressure stabilizes, the thermometer is in 
equilibrium with its surroundings. 


Such an assumption seems so intuitively reasonable that it appears almost churlish 
to pursue the matter further. After all, you know perfectly well that when you put a 
bottle of wine* in the fridge, its temperature will fall slowly until it reaches the 
temperature of its surroundings. A bottle of milk placed next to the bottle of wine in 
the fridge would also be expected to cool down until it too reached the temperature 
of its surroundings. That is, you would expect both the milk and the wine, after they 
had been in the fridge for a sufficiently long time, to be at the same temperature. 
Indeed, you would have so much confidence in this belief, you would predict that, 
should the milk be mixed with the wine (heaven forbid!), there would be no change 

` in the temperature of either.+ However, if some of the cold milk were poured into a 
cup of hot black coffee, you would expect the resulting mixture (i.e. white coffee) to 
finish up with a temperature somewhere between that of the hot black coffee and the 
cold milk. 


It is such a common experience that two things in contact tend towards a common 
temperature, that it is easy to overlook the importance of this phenomenon. Indeed 
physicists themselves took it so much for granted that, when they did finally appreciate 
its significance and fundamental nature, and decided to elevate it to the status of a 
‘law of thermodynamics’, they had to describe it as the zeroth law to place it ahead 
(in fundamentality) of the already enunciated first and second laws. 


The zeroth law of thermodynamics, or alternatively, the law of thermal equilibrium, 
can be stated formally as follows: 


(1) Two systems when placed in thermal contact (i.e. placed in a position 
where they can ‘exchange heat’) tend towards a common temperature—a 
temperature at which there is no net heat flow between the systems. They are 
then said to be in thermal equilibrium. 


(2) Iftwo systems at the same temperature are placed in thermal contact with 
each other, then there will be no change of temperature. 
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These two aspects—the dynamic and static aspects—of the law are illustrated in 
Figure 24. Of course, it is always possible to appear to defy the law of thermal 


* Not supplied in the Home Experiment Kit. 


t Neglecting the effects of any chemical reactions. 
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zeroth law of thermodynamics 


thermal equilibrium 


Figure 24 The zeroth law of 
thermodynamics (or law of thermal 
equilibrium). 

(a) When two bodies, initially at 
different temperatures T; and T,, are 
brought into thermal contact, their 
temperatures both tend towards a 


common, intermediate, temperature T}. 


(b) When two bodies, initially at the 
same temperature, are brought into 


thermal contact, their temperatures both 


remain at the same, common, 
temperature. 
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2.4 


2.4.1 


equilibrium for a limited time. For example, the heating in your home prevents the 
interior temperature from falling to the temperature outside. But this is only achieved 
at the expense of continually providing fuel to power your heating system. Left to its 
own devices, your home would move towards thermal equilibrium with its 
surroundings. 


The ideal-gas law 


Having introduced the idea of an ideal gas, I would like to ask whether it is possible 
to write down an expression—an ‘equation of state'—that will describe the behaviour 
of this ideal gas under all possible conditions of pressure, volume, and temperature. 
Such is the goal of this Section. But before I embark on this task, I must first introduce 
some of the definitions and technical terms that are commonly used when discussing 
gas properties and behaviour. If you have studied the Science Foundation Course, or 
if you already know some chemistry, you should find nothing new in this first Section 
(Section 2.4.1) and you should be able to treat it simply as revision. If, on the other 
hand, the terms and ideas are new to you, please be assured that you are not expected 
to know any more detail than is given in the brief summary here. 


Molecules, moles and molar masses—a summary 


Atoms and molecules 


In the early days (until about 1830), the distinction between atoms and molecules, 
elements and compounds, was very hazy. Today we are very clear about these 
distinctions. The chemical elements are the basic, distinguishable ‘building substances’ 
of chemistry. The elements occur in great variety, from hydrogen and helium, through 
carbon and silver, to uranium and plutonium. A given quantity of any particular 
element is made up of very many identical particles. We call these particles atoms. In 
other words, an atom is one of the large number of identical particles that together 
make up a given chemical element. 


Chemical elements can react together to form compounds. For example, carbon can 
react with oxygen to form carbon dioxide. A molecule is then defined as the smallest 
amount of a substance that is capable of retaining the properties of that substance. 
For example, a molecule of carbon dioxide (written CO,) is formed by the com- 
bination of one carbon atom and two oxygen atoms.* Although this molecule could 
be broken down into its constituent atoms, it would then lose its ‘carbon dioxide’ 
properties. 


Some elements do not, under normal circumstances, exist naturally as groups of 
individual atoms. Instead, the atoms combine with other, identical, atoms to form 
molecules. For instance, hydrogen (H;), oxygen (O,), and nitrogen (N;) all prefer to 
exist as diatomic molecules (i.e. molecules made up of two atoms). Consequently, the 
term molecule has come to be used now to describe the smallest particle of any 
substance—element or compound. Hence, gases such as argon (Ar), helium (He), and 
neon (Ne), in which the atoms can exist independently, are said to be made up of 
monatomic molecules (molecules containing only one atom). In these gases, there is no 
distinction to be made between an atom and a molecule. 


Relative atomic (or molecular) mass 


The relative atomic (or molecular) mass of an atom (or molecule) is a measure of the 
mass of that atom (or molecule) relative to 1/12 of the mass of a carbon-12 atom. 
Thus, by definition, the relative atomic mass of carbon-12 is exactly twelve. (It has a 
mass exactly twelve times greater than 1/12 its own mass!) The relative atomic mass 
of ‘normal’ hydrogen (+H) is measured to be 1.007 8 on this scale. 


Note that relative atomic (or molecular) masses, since they are ratios, are pure 
numbers, without units. Relative atomic mass is represented by the symbol A,, 
relative molecular mass by M,. 


* Note that this information is conveyed by the chemical notation COs. 


T A carbon-12 atom contains in its nucleus a total of 12 ‘nuclear particles’ (called nucleons), 
of which 6 are protons and 6 are neutrons. The ‘short-hand’ notation for carbon-12 is !?C. 
A similar notation can be used for other atoms, e.g. 1H is hydrogen-1, or ‘normal’ hydrogen. 
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atom 


chemical compound 
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diatomic molecule 


monatomic molecule 


relative atomic (molecular) mass 4,(M,) 


The mole and Avogadro's number 


It is often useful to be able to define a ‘quantity of substance’ in terms of how many 
basic ‘particles’ it contains. We define one mole (abbreviated to 1 mol) as mole 


that amount of substance which contains as many 'entities' (particles) as there 
are atoms in 12 g of carbon-12. (The entities may be atoms, molecules, ions, 
electrons, etc.) 


Since the mass of the carbon-12 atom has been found experimentally to be 
1.992 52 x 10° *° kg (to six significant figures), the number of atoms in 12g of 
carbon-12 must be (0.012 kg)/(1.992 52 x 10-29 kg), which to six significant figures 
is 6.022 52 x 10?? atoms. 


Hence, 1 mole of a substance always contains 6.022 52 x 1023 particles. This number, 
the number of particles in one mole, is called Avogadro's number (or Avogadro's Avogadro's number N, 
constant). It is represented by the symbol N,. 
Therefore, 

1 mole of hydrogen molecules contains N , molecules 

1 mole of hydrogen atoms contains N A atoms 

1 mole of helium atoms contains N, atoms 

1 mole of helium ions contains N, ions 
Conversely, 

2N , hydrogen molecules constitute 2 moles of hydrogen molecules 

3N, helium atoms constitute 3 moles of helium atoms, etc. 


In general, 


the number of moles n in a N, total number of particles 


given sample of substance N ,, the number of particles in 1 mole 


That is, 


(13) 


Remember 


N is the total number of particles 
N, is the number of particles in one mole 


n is the number of moles 


Molar mass 


We define the mass of 1 mole of particles to be the molar mass of those particles. It is molar mass M,, 
represented by the symbol M,,. From the definition of the mole, the molar mass of 
carbon-12 atoms must be 12 g mol“! (or 0.012 kg mol" !). 


Since, by definition, one mole of any substance contains the same number of particles, 
it follows that the molar mass must be proportional to the relative atomic (or 
molecular) mass. That is, since the number of particles in a mole is constant, then 
doubling (say) the mass of each individual particle, will lead to a doubling of the mass 
of one mole of those particles. Hence, 


M, « A, (or M,) 
Or M, = constant x A, (or M,) (14) 


The constant of proportionality can be found by looking at the example of carbon-12. 
The relative atomic mass A, of carbon-12 is exactly 12 (see earlier). The molar mass 
is 12 g mol +. Hence, 


12g mol! = constant x 12 


so that the constant must be equal to 1 g mol" +. Therefore, 


Ma-—4A4,x1gmol'! 
(15) 
or M,—-M,xigmol'! 
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2.4.2 


That is, the molar mass is numerically equal to the relative atomic (or molecular) 
mass number, but expressed with units of grams per mole. This equation is true for all 
substances. 


It also follows from the definition of molar mass that: 


the number of moles n in a M, the total mass of the sample 
given sample of substance Mp, the mass of one mole of the substance 
That is, 


(16) 


Remember, 


M is the total mass of the sample 
M, is the mass of one mole of the substance (i.e. the molar mass) 


M, (or A,) is the relative molecular (or atomic) mass. 


The important equations to remember in this Section are equations 13, 15 and 16. 


More about Boyle's law 
When Boyle formulated his gas law 
PV = constant (at constant T) (eq. 6) 


(see Section 2.1.2), he pointed out that the value of the constant depended on the 
particular gas sample used in the experiment; that is, it would be different for different 
gases, or for different quantities of the same gas. Nowadays we can test Boyle's law 
with a variety of gas samples. Suppose we do this. 


Consider, first, a series of experiments in which we use several samples of the same gas, 
such that each of the samples has a different total mass M. What we find is that when 
the mass of the gas is doubled, the gradient of the straight-line plot of P against 1/V 
(recall Figure 13) is also doubled; when the mass of gas is multiplied by three, the 
gradient is multiplied by three also, and so on. (This is shown in Figure 25a.) In 
other words, the constant in equation 6 is proportional to M. We can therefore write 


PV oc M (17) 


Now, suppose we test Boyle's law again, but this time with samples of different gases. 
However, suppose that all the samples this time have the same total mass, M. 


If the total masses of the samples are the same, what parameter can be used to 
characterize the difference between the samples? 


Since the samples contain different gases (i.e. molecules of different elements 
or compounds) they can be characterized in terms of either their relative 
molecular mass M,, or their molar mass M m* 


Suppose we choose to categorize the different samples in terms of their molar mass. 
What we find, when we carry out experiments on a sufficiently large number of 
different gases, is that the gradient of the straight-line plot of P against 1/V varies 
inversely with the molar mass. So, for instance, as you can see in Figure 25b, the 
gradient of the line for hydrogen (molar mass of H, molecules ~ 2 g mol ^ 1) is twice 
that of the line corresponding to the same total mass of helium gas (molar mass of 
monatomic He molecules ~ 4 g mol” +). In general, we can write 


1 
PV oc — 18 
oF (18) 


m 


If we now combine equations 17 and 18, we have 


M 
PV oc —— 19 
€ M (19) 


m 


* Remember that these two quantities are related (see equation 15). The former quantity is a 
measure of the relative mass of one molecule, the latter a measure of the mass of N, molecules. 
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gradient = 3A /(1/Vj) 


gradient = 2P /(1/V,) 


gradient = 2P,/(1/V,) 


gradient = P,/(1/V,) 


gradient = P,/(1/V,) 


> > 
0 M WV 0 V/V, WV 
(a) (b) 
But in the previous Section, I demonstrated that Figure 25 (a) When Boyle's law is 
tested for different-mass samples of the 
M = (eq. 16) same gas, it is found that the gradients of 
Ma the straight lines that result (when P is 
plotted against 1/V) are proportional to 
where n is the number of moles of gas present. the mass of the sample. 
Hence, Boyle's law can be written as (b) When Boyle's law is tested for 
identical masses of hydrogen gas 
PV on (ata constant value of T) (20) (M,, ~ 2gmol-!) and helium gas 


(Mm ~ 4gmol t+), the gradient of the P 
against 1/V line is twice as steep for 
hydrogen as for helium. When other 


That is, at constant temperature, the product of the pressure and volume of a gas is 
proportional to the number of moles of gas in the sample. I shall be returning to this 
equation in the next Section. Meanwhile, it is important to realize that Boyle's law gases are investigated like this, we find 
is an idealization of the way gases behave. Boyle himself described his experiment that the gradient is inversely 

as an investigation of the ‘spring of air’; and just as Hooke's law (which, as you saw proportional to M,,. 

in Unit 3, and Units 9 and 10, is the law describing the expansion of a real spring) 

breaks down under extreme conditions, so too does Boyle's law. It applies fairly 

accurately to gases such as hydrogen (H;), helium (He), nitrogen (N;) and oxygen 

(O5) at room temperatures, but it becomes increasingly inaccurate, even for these 

gases, at low temperatures, or at very high pressures. (It is in error, at room tempera- 

ture, by 10 per cent at 500 atmospheres, and by 200 per cent at 2000 atmospheres.) 


2.4.3 An ideal gas 


I have already introduced the idea of an ideal gas as the limit to which all other gases 

tend as their pressures are reduced. But it is possible now to define formally an ideal 

gas as one for which Boyle's law is exactly true for all temperatures and pressures. Of definition of ideal gas 
course, such a gas does not exist. Nevertheless, it is useful, for two reasons, to formulate 

the equations that such a gas would obey. First, these equations are the ‘first approxi- 

mation' equations, which any explanation of the behaviour of gases must seek to 

predict ; and secondly, it is the small deviations from this ideal-gas behaviour that can 

give us an insight into the microscopic properties of, and differences between, real 

gases. 


So the obvious next question to ask is “how does the pressure, or volume, of an ideal 
gas vary with temperature?’ But beware—this question needs careful thought! Your 
first instinct might be to suggest experiments to discover how pressure and volume 
vary with temperature. Yet such experiments are not necessary. Since 1954, we have 
defined temperature to mean the ideal-gas scale temperature, and the ideal-gas scale 
temperature is defined to be proportional to the pressure of the gas in the constant- 
volume ideal-gas thermometer. Therefore, by definition, when the volume is constant, 


BET (21) 


This is just equation 7 written the other way around. The pressure of an ideal gas is 
proportional to its absolute temperature because we have defined temperature as that 
quantity which is proportional to the pressure! 


It is now possible to combine equations 20 and 21 into a single equation that de- 
scribes the behaviour of an ideal gas. The new equation is 


PV onT (22) 


ITQ 6 Convince yourself that equation 22 is a true combination of equations 
20 and 21, and also that it incorporates equation 6 (i.e. PV = constant). 
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If you have already met the ‘gas laws’ elsewhere, you may be feeling a little confused 
now. Surely equation 21 describes the law sometimes known as Joly’s law, and the re- 
lationship V oc T, deduced in the answer to the last ITQ, is a statement of Charles’s 
law. And surely both these laws were deduced from experimental evidence. Un- 
fortunately this is no longer strictly true. 


It is true that Jacques Charles (and also Joseph Gay-Lussac), towards the end of the 
eighteenth century, investigated the variation of the volume of a gas (at constant 
pressure) as a function of temperature, and it is true that experiments were also set 
up to study the variation of the pressure of a gas (at constant volume) as a function of 
temperature. However, the temperature scale used for these experiments was the old 
Celsius scale, based on the mercury-in-glass thermometer. Indeed it was these very 
experiments that suggested that the pressure of a gas could be used as a new thermo- 
metric property. 


Since the redefinition (in 1954) of the concept and standard of temperature in terms of 
the ideal-gas scale, the experiments of Charles, Gay-Lussac and others have become 
redundant. In effect, Charles’s and Joly’s laws have become logical consequences of 
our ‘new’ definition of temperature. Nevertheless, without the work of these scientists, 
we would not now have a practical temperature scale that did not depend arbitrarily 
on the peculiar thermometric properties of a particular, specified, thermometer! 


It is interesting to note that if we do repeat Charles’s experiments today, using a 
mercury thermometer to measure the temperature, what we are actually doing is 
comparing the mercury-in-glass thermometer scale with the ideal-gas temperature 
scale. It is because we find (within the limits of typical experimental error) P oc diercury 
and V oc Tmercury» that we are able to use the mercury-in-glass thermometer as a 
satisfactory secondary standard of temperature. Figure 26 summarizes this rather 
complicated set of relationships between the ideal-gas definitions and the equations 


that can be deduced from them. 


P«T PV«n : 
Definition of ideal-gas Boyle's law region for 


scale of temperature. a real gas, and 
definition of ideal gas. 


Vx Tis a logical consequence of these 
definitions. Hence, experiments on the 
gas (to discover whether V x T and P= T) 
are irrelevant. 


Pæ Tmercury and Vx T mercury can be 
tested by experiment. The results of 
such experiments demonstrate how closely 
the mercury-in-glass scale matches the 
ideal-gas scale temperature. 


Figure 26 The logic of the P, V, T 
relationships. 


2.4.4 The gas constant 


To convert the proportionality in equation 22 into an equality, we must introduce 
a constant of proportionality. This gives 
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where R is a constant, known as the molar gas constant, or sometimes the universal 
gas constant. Equation 23 is an important equation. It expresses the relationship 
between the pressure, volume and temperature of n moles of ideal gas. It is known as 
the ideal-gas law. 


The constant R can be determined experimentally by measuring simultaneously 
the values of P, V, n and T. R is then given by 


ec 


R= aT (24) 


Of course, we have to make these measurements on a real gas, rather than an ideal gas. 
So to calculate the correct value of R, the procedure is (as with the constant-volume 
gas thermometer) to measure the ratio PV /nT at successively decreasing pressures, 
and then extrapolate to the value at zero pressure. As you can see from Figure 27, all 


€ 
0 


T 
0.5 1.0 
P/atmospheres 


gases tend towards the same value of PV /nT at zero pressure. Even at atmospheric 
pressure, the gases shown in Figure 27 yield values of PV/nT that are within about 
+0.1 per cent of the ideal-gas value of 8.3143 J K^ ! mol !. 


ITQ 7 Convince yourself that the correct units for R are JK ^! mol !. 


The ideal-gas law is written in equation 23 in its ‘molar form’. That is, n is the number 
of moles of gas present, and R is the gas constant for one mole (hence the name molar 
gas constant). It is possible to rewrite the ideal-gas law in a ‘molecular form’ (so that 
the variables refer to the number of molecules of gas present) by using the relationship, 
developed in Section 2.4.1, 


N 


n = — 
Na 


(eq. 13) 
Remember that n is the number of moles in the sample, N the total number of 
molecules in the sample, and N, the number of molecules in one mole (i.e. Avogadro’s 
number, or approximately 6.02 x 107%). Substituting this expression for n back into 
equation 23 gives 

NRT 
SON 


BV- 


(25) 


But R is a universal constant, and N4 is Avogadro’s number, which is also a uni- 
versal constant. Hence we find it convenient to combine these two constants into a 
single new constant k, where 


R 
k = the molecular gas constant = — (26) 
A 


When we substitute the values of R and N, into equation 26, we get 


83143JK ! mol! 
~ 60225 x 10?? molecules mol! 


= 1381 x 10 ?? JK“! per molecule* 


* The pseudo-unit ‘per molecule’ should not, strictly speaking, be included; the units of k 
are joules/kelvin. However, its inclusion here serves to remind you that k is the gas constant 
for one molecule, or the molecular gas constant. Don't confuse this pseudo-unit though, with 
the ‘real’ unit of the mole (abbreviated to mol). 
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molar (or universal) gas constant R 


ideal-gas law 


Figure 27 As the pressure falls to zero, 
the values of PV/nT for all gases tend 
towards the ideal-gas value, namely 
R—83143JK ! mol` +. Note how 
closely helium approximates to an ideal 
gas. However the other gases are pretty 
good too; even at l atm they give values 
of PV/nT that are within about 0.1 per 
cent of the ideal-gas value. 
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2.5 


This constant, k, is known as Boltzmann’s constant, after the Austrian physicist 
Ludwig Boltzmann (1844-1906). Since R and N, are constants that are determined 
by experiment, then k is also experimentally determined. 


So, substituting equation 26 into equation 25 gives the ‘molecular form’ of the 


ideal-gas law, 


ITQ 8 You may well have met elsewhere the statement commonly known as 
Avogadro's hypothesis. It says that ‘equal volumes of all gases, at the same tem- 
perature and pressure, contain the same number of molecules’. Is this hy- 
pothesis consistent with the ideal-gas law? 


Summary of the main ideas in Section 2 


Pressure is a measure of the magnitude of the perpendicular force acting per unit 
area; it is measured in units of newtons metres ? (Nm ?). Pressures are also 
frequently measured in atmospheres, (where 1 atm is meant to be the normal, average 
value of the atmospheric air pressure at sea-level), or in millimetres of mercury 
(mm Hg). These units are related by 


1 atm = 1.013 25 x 10° N m^? ~ 760 mm Hg 


Boyle’s law states that the pressure of a fixed mass of gas is inversely proportional 
to its volume, provided the temperature remains constant. If there are n moles of the 
gas, then 


PV on 


A constant-volume gas thermometer is a device that uses the pressure of a constant 
volume of gas as a thermometric property. That is, this type of thermometer measures 
temperatures by monitoring the pressure exerted by a fixed volume of gas in a glass 
bulb when that glass bulb is placed in the environment whose temperature is required. 


Different gases constitute different thermometric substances. However, the differ- 
ences between many gases are quite small at ‘normal’ gas pressures. Furthermore, 
when the pressure is extrapolated back to zero, all gases allow identical temperatures 
to be calculated. The imaginary gas that exists at this zero pressure is called an ideal 
gas. Today, temperature is defined in terms of the pressure exerted by an ideal gas in a 
constant-volume thermometer. The unit of temperature (the kelvin) is defined by 
specifying that the upper calibration point should be the triple-point temperature of 
water, and should be assigned the value 273.16 K. The lower calibration point is 
absolute zero, which is the lowest possible attainable temperature. An ideal-gas 
scale temperature is, therefore, calculated from the equation 


limit as ( 


T= 


eae = ) x 27316K (eq. 11) 


P. 


triple triple 


By definition, 7/°C is now given by the relationship 


T = n 273.15 (eq. 12 
°C kelvin sat) 
Hence, 0°C = 273.15 K 


The science of thermometry is based on the law of thermal equilibrium (also called the 
zeroth law of thermodynamics). This says that when two systems are placed in 
thermal contact, they both tend towards a common temperature. At this tem- 
perature, they are said to be in thermal equilibrium. The temperature of a thermometer 
is only a true measure of the temperature of its environment if the thermometer is in 
thermal equilibrium with its environment. 


A molecule is the smallest naturally occurring particle of a substance that still retains 
the properties of the substance of which it is a part. 


The relative molecular (atomic) mass of a substance is the number of times greater the 
mass of one molecule (atom) of that substance is than one-twelfth of the mass of a 
12C atom. 


Twelve grams (0.012 kg) of !?^C atoms constitutes / mole of !?C atoms. 1 mole of any 
other substance contains the same number of particles as there are atoms in 12 g of 
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Boltzmann constant k 


Avogadro's hypothesis 


carbon-12. This number of particles is called Avogadro’s number, and it is represented 
by N, where 


N, = 6.022 52 x 10?? particles mol! 


The mass of one mole of a substance is called the molar mass, M,,. The number of 
moles n in a given sample of substance is given by the expressions 
N M 
n = — =— 
N A M, m 
where 
N is the total number of particles in the sample, 
M is the total mass of the sample, and 


M,, is the molar mass of the sample. 


An ideal gas is defined formally as one that obeys Boyle’s law exactly for all tem- 
peratures and pressures. This definition, together with the definition of the ideal-gas 
scale temperature (P oc T), leads to the ‘equation of state’ of an ideal gas, namely 


PV = nRT (eq. 23) 
or PV = NkT (eq. 27) 


where R is known as the molar gas constant, and k as Boltzmann’s constant. These 
equations are known as the ideal-gas law. 


Self-assessment questions for Section 2 


SAQ 7 A sample of gas is held at a constant temperature of 300 K. The gas is at a 
pressure of 10° N m~?, and it occupies a volume of 1 m°. 


(a) What will the gas pressure be if the volume expands to 2 m?, while T remains 
constant at 300 K? (You may assume the gas obeys Boyle's law.) 


(b) What volume will the gas occupy (at T — 300 K) when its pressure is in- 
creased to 3 x 10° Nm ?. 


SAQ 8 A constant-volume nitrogen thermometer records a pressure of 0.40 
atmospheres when its bulb is placed in a mixture of ice and water at a pressure of one 
atmosphere. The thermometer is then used to measure the temperature of a salt-ice 
mixture. The nitrogen pressure reading is 0.36 atmospheres. Making any reasonable 
assumptions, estimate the temperature of the salt—ice mixture. 


SAQ 9 Four different constant-volume gas thermometers (they are filled, respec- 
tively, with oxygen, nitrogen, helium, and hydrogen) are used to measure the boiling 
point of water at 1 atm. 


(a) Suppose that the quantity of gas in the bulbs of the thermometers is adjusted so 
that all four thermometers give a pressure reading of 0.5 atm at the temperature of the 
boiling water. The pressure reading at the triple-point temperature is then found for 
all four thermometers, and the temperature of the boiling point of water calculated, 
in each case, from the equation 


cS x 273.16 K 


triple 


Would the thermometers give different values for this temperature, and if so, which 
would give the temperature that approximates most closely to the ideal-gas scale 
temperature? (Figures 18 and 27 should help you answer this question.) 


(b) Suppose all four thermometers are now used in such a way that at least five 
values of the ratio P/P ripe» at ever decreasing values of P, are obtained for all four 
thermometers. Which thermometer would now give the temperature most closely 
approximating to the ideal-gas scale temperature? 


SAQ 10 A man places an ordinary, mercury-in-glass thermometer under his 
tongue in order to estimate his body temperature. After 10 seconds the thermometer 
reads 26.0 °C, after 20 seconds 32.0 °C, after 30 seconds 36.5 °C, after 40 seconds 
37.0 °C, after 50 seconds 37.0 °C, and after 1 minute 37.0 °C. What comment could 
you make about the ‘thermal state’ of the thermometer during the first 30 seconds 
of this measurement, and what can you assume about the temperature of 37.0 °C? 
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3.1 


SAQ 11 Assume throughout this question that Avogadro’s number is 6.0 x 1023. 
mol’. 
(a) How many helium molecules are there in 4 moles of helium? 


(b) What is the molar mass of hydrogen molecules, if the relative molecular mass 
of hydrogen is approximately 2.0? 


(c) Given that the molar mass of oxygen molecules is approximately 32 g mol I 
(0.032 kg mol" !), estimate how many moles of oxygen molecules there are in 
0.112 kg of the gas. 


(d) What would be the total mass of a sample of gas, of molar mass 4.0 g mol I 
if that sample were known to contain 1.2 x 10?* molecules? 


SAQ 12 Agascylinder contains 2 kg of hydrogen (M, = 2.0) at a pressure of 4 atm. 
Suppose the hydrogen is replaced by 


(a) 2kgofhelium (M, = 4) 
(b) 4kg of helium 
(c) 4kg of nitrogen (M, = 28) 


Calculate the gas pressures that would be exerted in each case, assuming that the 
temperature remains constant. 


SAQ 13 Acar' tyres are filled to a pressure of 3.0 x 105 N m ? on a very hot day 
when the temperature is 27°C. Assuming that the volume of the air in the tyre 
remains constant, estimate the pressure of air in the tyre, in the middle of the night, 
when the temperature falls to 7 °C. (You may assume that the air behaves as an ideal 
gas under these conditions.) 


SAQ 14 A balloon is filled with helium, at a temperature of 17°C, to a pressure of 
1 atm. When on the ground, the volume of this balloon is 10 m°. The balloon then 
rises to an altitude at which the temperature is — 23 °C, and the atmospheric pressure 
is such that the helium pressure in the balloon falls to 190 mm Hg. (Recall that 
1 atm ~ 760 mm Hg). What would you expect the new volume of the balloon to be? 
(Assume that helium behaves like an ideal gas.) 


SAQ 15 A 1m? tank contains nitrogen at a pressure of 2 x 10° N m2. Some 
nitrogen is allowed to escape from the tank, and the pressure falls to 1 x 10° N m ?, 
while the temperature falls from 290 K to 280 K. Calculate (a) how many moles of 
nitrogen escaped, and (b) how many moles of nitrogen were left in the tank. You may 
assume the nitrogen behaves like an ideal gas, and also that the molar gas constant 
R =8.31JK™!. 


The kinetic theory of gases—a microscopic 
view of temperature 


Beginnings 


The idea that there must be an underlying microscopic mechanism that could 
explain the observed thermal and mechanical behaviour of gases can be traced back 
at least as far as Boyle. For, in the 1660s, at the same time as he was announcing the 
result of his experiments on the ‘spring of air’ (namely, that the pressure and the volume 
of the air are inversely related), Boyle was also speculating on possible reasons for 
this result. He suggested that a gas might be thought of as being made up of tiny cor- 
puscles that are ‘springy’, like balls of curly wool pushed together. This, he thought, 
would explain why the gas could be compressed by the application of increased 
pressure, but why, at the same time, it would attempt to resist the compression. 


Newton didn’t like this theory very much. He believed that any particles that might 
go to make up a gas would have to be much too far apart to interact like balls of wool. 
So instead, he worked out the details of the particular repulsive force law that would 
be needed between the particles to account for Boyle’s law.* 


* Newton was no doubt inspired in this by the work he was doing at that time on the formu- 
lation of his theory of gravitation (which, of course, required an attractive force law). Boyle’s 
experiments preceded Newton’s work on gravitation by only a few years. 
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But ingenious though both these ideas were, they were still only ‘explanations’ 
invented with hindsight to account for phenomena that had already been observed. 
They did not predict new observations, nor lead to greater insights. A much more 
remarkable ‘explanation’ was put forward by the Swiss mathematician Daniel 
Bernoulli in 1738. The essence of this theory (Figure 28) was that moving particles of 
gas would produce a pressure by bombarding the walls of their container; the hotter 
the gas, the faster the particles would move and the higher the pressure would be. 


Concerning Properties and Motions of Elastic 
Fluids, but especially of Air 


0 99 9o 9 
09.76 
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From Bernoulli's 
Hydrodynamica, 1738 


“Now being about to consider elastic fluids, we may ascribe to them a constitution 
that coincides with all properties known so far, in order that thus also a path be pro- 
vided to the remaining, still insufficiently explored properties. But the outstanding 
properties of elastic fluids are stated as follows: (1) they are heavy, (2) they extend in 
all directions, unlessthey are confined, and (3) they allow themselves to be compressed 
continuously more and more as the compressing forces increase. Air, to which our 
present considerations pertain mostly, is composed in this way. 


And so consider a cylindrical vessel ACDB, placed vertically and in it a movable lid 
EF, on top of which lies the weight P. Let the cavity ECDF contain extremely small 
bodies agitated in a very rapid motion; thus the small bodies, while they impinge on 
the lid EF and also support the same by their continually repeated impacts, compose 
an elastic fluid which expands if the weight P is removed or diminished; this is 
compressed if the same is increased, and it gravitates on the horizontal base CD not 
at all differently than if it existed with no elastic property. Indeed, whether the small 
bodies are at rest or agitated, they do not change gravity, so that the base sustains 
either the weight or the elasticity of the fluid. Therefore, let us substitute for air a 
fluid that is consistent with the primary properties of elastic fluids, and thus we will 
explain some properties which have been already detected in air, and we will illustrate 
further some others not yet sufficiently investigated." 


Daniel Bernoulli 


These ideas bear an uncanny resemblance to our present-day notions; but in 1738, 
they were ahead of their time. They pre-dated the work of Charles and Gay-Lussac on 
the macroscopic laws of gas behaviour; they came before the gas thermometer had 
been properly developed and understood; Joule had not yet demonstrated the 
relationship between heat and work ; and the evidence for the existence of atoms and 
molecules was very sketchy. (Dalton—often described as the father of modern 
atomic theory—wasn't born until 1766.) So Bernoulli's ideas did not catch on. They 
did not have the experimental evidence to support them, and no one else seems to 
have noticed their experimental implications and consequences. 


Another century elapsed before Bernoulli's work came to light again, and it was then 
only because James Joule in England, and Rudolf Clausius and August Kronig in 
Germany, in the 1840s and 1850s, independently redeveloped the same theory. But 
on this occasion, the time was right; the scientific community seized on the new 
kinetic theory of gases with great enthusiasm. 
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Figure 28  Bernoulli's theory of air 
pressure. 


kinetic theory of gases 
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3.2 


The assumptions of kinetic theory 


The basic principle on which the kinetic theory of gases is built is very simple. 


A gas is made up of many small particles (which we shall call molecules) in 
rapid motion. The pressure exerted by the gas is then a macroscopic mani- 


festation of the very many microscopic impacts generated when these particles 
collide with the walls of the container. 


However, before we can begin to develop a quantitative theory, we have, first, to make 
a number of simplifying assumptions about the nature and motion of the ‘molecules’. 


Assumption 1 The molecules are thought of as tiny, impenetrable spheres, the 
diameters of which are very small compared with the average 
distance between molecules. 


Assumption 2 The molecules exert no forces on each other, except when they are 
in contact; when they are in contact, they strongly repel each other, 
ie. we observe a ‘collision’. (This assumption may alternatively be 
expressed as: any forces acting between molecules are short-range 
forces, not extending beyond the tiny physical dimensions of the 
molecules.) 


Assumption 3 The motion of the molecules in the gas is random (as is shown 
schematically in Figure 29). That is, there is no preferred direction 
for the velocity vectors of the molecules, and there is a distribution, 
or range, of velocity magnitudes (speeds), about some mean mag- 
nitude. 


Assumption 4 The collisions between pairs of molecules, and between the molecules 
and the smooth walls of the container, are perfectly elastic. (Remem- 
ber, a perfectly elastic collision is one in which kinetic energy is 
conserved.) 


Assumption 5 The motion of molecules between collisions and their behaviour 
during collisions are governed by Newton's laws of motion, (though 
any influence due to gravity is neglected). 


These simplifying assumptions have several implications. First, the assumption that 
the molecules are extremely small spheres, exerting no forces on each other, suggests 
they spend most of their time in free motion between collisions, and a negligibly 
small fraction of their time in the collisions themselves. (It turns out that this is a very 
good approximation for real gases at ordinary temperatures and pressures.) 


Secondly, assumption 1 implies that the total volume of the molecules themselves is 
negligible compared with the volume of their container. This in turn implies that 
molecule-molecule collisions will be rare events, and can be neglected compared with 
molecule-wall collisions.* 


Thirdly, the assumption that the motion of the molecules is random implies that, on 
average, as many molecules will be moving in any one given direction with a particular 
speed as are moving in exactly the opposite direction with the same speed. Or put 
another way, if I represent the molecules’ average velocity components in the x, y, and 
z directions by the symbols (v,5, (0,5, and <v,>, then random motion implies 


Los? = (Vy) = (v? = 0 (28) 


(Incidentally, I shall be using these angular brackets throughout the remainder of this 
Unit to mean ‘the average value of.) 


Fourthly, by assuming that all collisions are perfectly elastic collisions between 
impenetrable spheres, we also imply that no molecules can break up on collision. 


* This, however, is not a good approximation for real gases at ordinary temperatures and 
pressures. But it doesn’t matter. For, since assumption 4 postulates perfectly elastic collisions 
between molecules, such collisions would only redistribute the total energy and momenta 
between the molecules. With a large number of molecules, on average nothing will change as a 
result of the molecule-molecule collisions. And as you will see, the kinetic theory is all 
about looking at what happens ‘on average’. For now though, it is worth sticking with the 
assumption that there are no molecule-molecule collisions, since this simplifies the analysis 
that is about to follow. 
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Figure 29 Velocity vectors for molecules 
of a gas in a box. The molecules move in 
random directions, and there is a range 
of possible speeds. 


3.3 


3.4 


Finally, assumption 5, in neglecting any influences due to gravity, implies that the 
molecules travel in straight lines between collisions. 


ITQ 9 [pointed out in Section 2.1 that, whereas the volume ofa solid or liquid 
is fixed (at a fixed temperature), the volume ofa gas is determined by the volume 
of its container. In what way does the kinetic-theory model of a gas—together 
with the simplifying assumptions and consequences that I have just described — 
help to explain this characteristic? 


Approaching the kinetic theory intuitively 


The basic purpose of setting up the kinetic-theory model of a gas is to attempt to 
explain how the pressure of that gas can be accounted for in terms of the myriad of 
microscopic impacts between the molecules of the gas and the walls of its container. 
Now, it's possible to see intuitively that there is a fair degree of sense in this idea. For 
instance, recall (from Section 2.4.2) the experimental result 


PV ocn (ata constant temperature) (eq. 20) 


where n is the number of moles of gas present. Now, if the volume V of the gas is also 
held constant, then this relationship tells us that the pressure P will change in 
proportion to any change in n (the number of moles). That is, equation 20 reduces to 


Pon (for constant V and T) (29) 


But the mole is simply a way of quantifying a given number of particles (1 mole is 
equivalent to N, particles, where N, = 6.022 52 x 10?? mol‘). So what equation 
29 is saying is that, if both the volume and the temperature of the gas are kept con- 
stant, the pressure will be proportional to the number of particles (molecules) 
present. Or, 


PoN (for constant V and T) (30) 


How doesthis compare with our intuitive ideas of kinetic theory? Wellit all seems very 
reasonable. For, if we double the number of particles, then we must also double the 
number of molecule-wall collisions occurring in a given time interval. And on the 
kinetic-theory model, doubling the number of molecule-wall collisions will double 
the pressure; that is, the pressure will be proportional to the number of molecules 
present. This is in agreement with the experimental result represented by equation 30. 


Or consider another situation. Suppose the volume of a given mass of gas is held 
constant while the temperature is increased, (that is, the gas is heated at constant 
volume). Then, if it is permissible to think of heat as some form of energy (which, after 
all, is what Joule's experiments were demonstrating at about the same time as the 
kinetic theory was being developed), it would seem reasonable to suppose that, on a 
kinetic-theory model, heating the gas raises its temperature by ‘agitating’ its molecules 
more—causing them to hurtle to and fro at higher speeds. Thus the collisions of the 
molecules with the walls of the container would take place at higher speeds—the 
impacts would be greater—and the pressure would be increased. So, according to 
kinetic theory, we would expect the pressure to increase as the temperature increases. 
Again this is in agreement with experiment. Indeed we used the equation 


P x T (at constant V) (eq. 21) 


to define temperature. 


The kinetic-theory equation for gas pressure 


No matter how intuitively reasonable the kinetic theory of gases may seem, it would 
be of very limited value if it could not also be made quantitative. So in this Section, I 
want to use the kinetic-theory assumptions to derive an equation for the pressure of a 
gas. Since the argument has to be developed through several stages, and is, as a result, 
fairly intricate, I have chosen to put this Section onto cassette tape. By so doing, I hope 
to give you some guidance as to which parts of the argument are the more important, 
and which parts are merely details en route. So, listen now to the audio-visual sequence, 
Kinetic theory, which you will find on the audiocassette (Tape 3). The frames referred 
to in that sequence follow on here in the Text. 
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Box filled with N hard, point-like 
molecules of gas 


What is the pressure exerted by 
the N molecules ? 


Remember: pressure = 
area 


So, what is the perpendicular force 
exerted on the right-hand wall (of 
area A) by the N molecules ? 


Before After 
collision collision 


Vy becomes —v, because wall exerts 
a force on molecule during collision 


Newtons 3rd law of motion 


Fx (on wall) 7 -F, (en molecule) (31) 


perpendicular force 


2 


Consider, to begin with, just one molecule 


Only the x-component of velocity v. 
makes any contribution to the impact 
with the right-hand wall 


What is the force exerted on the 
right-hand wall by a single molecule 
with x-component of velocity y? 


Many collisions per second, each 
separated by the same time interval At 


momentary force 


v time 
equivalent steady force 
averaged over time 
Want to know 
fees (on wall, due to one molecule) 
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Newtons 2nd law of motion 


Rate of change of momentum - force 


Average rate of change of momentum of molecule - [Flay (on molecule) 


[Else (on wall) E kis (on molecule) 


= — average rate of change of momentum of molecule 


That is Ilse (on wall) = = (32) 


time between collisions 


| change of momentum per ae 


Before After 
collision collision 


=< 
o = 


E Round-trip distance = 2L 


", Round-trip time = £L 


momentum = mass x velocity 


Px (before) = my, px (after) = i .. time between successive collisions 
at right-hand wall is 


I 
Let change in x- component of momentum Y 


per collision be Ap, 


[Fx Joy (due to one molecule = HM 


(34) 


ie e final _ [initial 
Px = | momentum momentum "md 


"[Fx]av (one molecule) = E (35) 


This is the equivalent steady force 
exerted on the wall by one molecule, 
averaged over a period of time 


ITQ 10 Convince yourself that equation 35 is intuitively reasonable. Does it make 


sense for.[F,],, (one molecule) to increase as m or v, increases, but to decrease as L 
increases? 
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F] av ( 1) 
FJa (2) = 


Fle) = 2 N 


J 


Therefore [Fx ]av (all molecules) = [FrJav (1) + 


[F. je all molecules) = = r Us (1) 


Sum of N individual quantities : 
LM——— — —— ——- = average quantity 


(N)] = N«vi» 


Therefore Eda (all molecules) = N = <vi> 


Note: «vi» £ <v,>? 


ITQ 11 Suppose four molecules have velocity components v, in the x-direction of 
+100 m s71, +200 m s7 +, +300ms ‘and +400 ms‘ respectively. Demonstrate 
that, for these four molecules, <v,>? + <v2), i.e. that the mean-v, squared, is not the 
same as the mean squared-v,. 


© A three -dimensional version of Pythagoras’s theorem 


In the horizontal base triangle 


In the upright trianale 


|y]? = v? = D? + wj 


Therefore, combining lines 1 and 2 


v2 = vi + vi + v2 (37) 


Averaged over all molecules 


Qu = [> FSS re (38) 
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(11) Proof of equation 38 
Molecule 1 vz (1) + vg (1) + v2 
Molecule 2 v? (2) = v? @)+vi @ + v? 


Molecule 3 v? (3) = v2 (3) + vè (3) + v2 


Molecule N v (N) = v2 (N) + v2 (N) + và 


Adding and dividing by N 
(1) 


2 (1) + v2 tv M 


vto = av Lv i> + Cyl (38) 


Kinetic theory assumption: 


motion of molecules in space is random perpendicular force 

pressure SS V ——ÁÀM——MÀ— 
area 
<. must be no preference for any 


particular coordinate axis xm [Flow (all molecules) 
= A 
SNL XV P = NV 


Combining with equation 38 So, from equation 41: 


Kv!» = <vi> + <vg> + <v2> 
pressure onface of area A 


ES aye 


Op re 4 x 
Or, since 


Equation 36 said: LA = volume V of box 
IE low (all molecules) = Nm «v2» (36) 


Substituting equation 40 into equation 36 = Ns ER (42) 


[Fee law (all molecules) = im «v» (41) 
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macroscopic properties microscopic properties 


of gas of gas 


<4 mv?> is the average translational kinetic energy_of 


the gas molecules 


PV = B N <kinetic energy of the molecules» (46) 


ITQ 12 There will clearly be statistical fluctuations in the number of molecules 
hitting the walls of the container over a period of time. Does this mean that there will 
be variations in the measured value of the pressure? 


Kinetic theory and the ideal-gas law—a comparison 


You have just seen (equation 46) how the pressure and volume of a sample of gas can 
be related to the average kinetic energy of the ‘molecules’ of the gas. But remember, 
thisisa theoretical result, derived from, and depending on, an initial set of assumptions. 
We cannot yet necessarily say that it correctly describes ‘nature’. (In fact, I put the 
word *molecules' in inverted commas to emphasize the point that to obtain the result 
at all we had to postulate the very existence of the ‘molecules’.) All we can say is that if 
the initial assumptions are valid, then the result represented by equation 46, which is 
a logical consequence of these original assumptions, must also be valid. 


Compare this situation with that represented by the ideal-gas law equation 
PV =nRT (eq. 23) 


This is foremost an empirical equation, based on Boyle's law and the formal definition 
of temperature. Certainly, it is an abstraction in one sense, in that it only strictly 
applies to a sample of gas of infinitely low density, i.e. to an ideal gas. (It does, 
nevertheless, describe quite closely the behaviour of many real gases over a wide 
range of conditions.) But rather more importantly, it is an equation that was deduced 
in response to, and in order to model, the experimental observations; it was not 
founded on theoretical assumptions. 


So, it might be very interesting at this stage to ask: what happens if we combine these 
two approaches—the theoretical and the experimental? Does a comparison of the 
kinetic-theory equation and the ideal-gas law equation give rise, for instance, to any 
new predictions? Well, let's see. Suppose we take the existence of molecules for granted 
and write the ideal-gas law in its ‘molecular form’ (equation 27, Section 2.4.4). The 
two equations then become 


EMPIRICAL PV = NkT (eq. 27) 
(ideal-gas approximation) 
THEORETICAL PV = 2NK¢E,;,) (eq. 46) 


(simple-molecule approximation) 
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3.6 


3.6.1 


where I have used ¢E,,,,> to represent the average kinetic energy per molecule. If both 
these (theoretical and empirical) equations are valid, it follows that 


NKT = 3NCE xin) 


or rearranging 
(Eus) = 3kT (47) 


in the ideal-gas approximation.* 


ITQ 13 Re-express equation 47 in its ‘molar’ form (ie. in a form that 
incorporates the molar gas constant R rather than the Boltzmann constant.) 


Equation 47 is very important. What it says is that, if the kinetic theory is correct, then 
the average translational kinetic energy per molecule of an ideal gas is proportional to 
the temperature of that gas; raise the temperature, and the average speed of the mole- 
cules is increased. In other words, equation 47 provides a new, ‘molecular’ definition 
of temperature. Note, however, that E,;, in equation 47 is the translational kinetic 
energy of the molecule; the kinetic-theory assumptions explicitly ignored any rota- 
tion or vibration of the molecules. Consequently, it is only the translational kinetic 
energy that comes into the definition of temperature. 


The interpretation of absolute zero in terms of this molecular definition of temperature 
is also now quite clear: absolute zero (T = 0) is that temperature at which the trans- 
lational kinetic energy of the ideal-gas molecules is zero. Since translational kinetic 
energy is the only energy our highly simplified kinetic-theory molecules can have, 
then absolute zero is also that temperature at which an ideal gas has given up all 
its available energy. 


There is one final point that is worth noting about equation 47. The kinetic theory 
prediction represented by this equation is only strictly true for an ideal gas (after all, 
it was derived by comparing the kinetic-theory equations with the ideal-gas law.) 
However, since many real gases, at moderate values of temperature and pressure, 
behave very nearly like an ideal gas (look again, for example, at Figure 27), we assume 
that we'can apply equation 47 to real gases also (provided, of course, the pressure is 
not too high or the temperature too low.) As you will see in the next Section, this 
is quite important, since it means that we can attempt to test equation 47 on real, 
rather than hypothetical, gases. 


ITQ 14 Compare the average translational kinetic energy (E,,,» of an 
oxygen molecule (relative molecular mass M, ~ 32.0) at a temperature of 
300 K with that of a hydrogen molecule (relative molecular mass M, ~ 2.0) at 
the same temperature. (Assume that oxygen and hydrogen both behave like 
an ideal gas.) 


Testing the kinetic theory of gases 


The way to test any theory is first to work out some of the predicted consequences of 
the theory, and then to check whether or not those predictions are vindicated by the 
results of experiments. If they are not vindicated, then the theory has, at the very least, 
to be revised; if the predictions are confirmed by experiment, then the theory has 
withstood its first tests. Unfortunately, we can never prove a theory true—the best we 
can do is continue to demonstrate, by more and more tests, that it is not untrue. The 
more tests the theory withstands, the more confidence we have in it. Now, the kinetic 
theory makes numerous predictions about the way in which gases should behave. 
In this Section, we shall look at the ways in which one or two of these predictions have 
been tested. 


Predictions for the root-mean-squared speed of gas molecules 


I derived one of the predictions of the kinetic theory of gases in the previous Section. 
It was that 


(Eus) = 3kT (eq. 47) 


* By comparing the empirical equation in the ideal-gas approximation with the theoretical 
equation in the simple-molecule approximation, we are, in effect, implying that ideal-gas 
molecules can be thought of as non-interacting, point-like spheres. This makes a lot of sense, 
for it explains why ideal-gas behaviour is obtained in the limit of infinitely low gas density. 
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molecular definition of temperature 
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But recall that (E,;,», the average translational kinetic energy, is equal to mv’); 
furthermore, since the molecule’s mass is constant, the 4m term can be brought outside 
the average sign to give 


(Ey) = 3M0’) (48) 
Combining equations 47 and 48 gives 


im?» = 3kT 
or tv?) = — (49) 
m 


Now, the term on the left of this equation is the average (or mean) squared speed. It has 

dimensions of [distance/time]?. To convert to a quantity that has the dimensions of a 

speed, i.e. [distance/time], we have to take the square root of <v?>. But caution—the 

square root of (v?» is not <v), but „/ (v^. And just as there is a difference between 

(v2» and (v,? (see ITQ 11), so also there is a difference between / «v^» and <v). We 

call the quantity x (vy the root-mean-squared speed (because it is the square root of root-mean-squared (rms) speed 
the mean of the squared speed.) It is often abbreviated to Vms- 


So, taking square roots of both sides of equation 49, we arrive at 


—- 3kT 

i paces (50) 
m 

From this equation, I can now make two predictions. The first is that the rms speed of 


a gas molecule is proportional to the square root ofthe temperature ofthe gas. That is, 


Vang OC / T (51) 


The second prediction is that the rms speed of a gas molecule is inversely proportional 
to the square root of the mass of the molecule. That is, 


1 
m 
So the next stage is to see whether these predictions are borne out by experiment. But 
how are we to do that? How, for instance, do we measure the rms speed of a gas 
molecule? Well, one answer is that we can search for indirect evidence of molecular 
speeds, by looking at effects that we suspect depend on molecular motion. There are 


two such effects that I want to mention here. The first is the speed of sound in a gas— 
the second is the phenomenon of diffusion. 


Verne OC (52) 


3.6.2 The speed of sound 


As you saw in Units 9 and 10, sound propagates through a gas as a pressure wave, i.e. sound-waves 
as a series of compressions (high pressure regions) and rarefactions (low pressure 

regions) in the gas. Now, if the gas is made up of tiny molecules, these pressure 

changes will have to be transmitted by a series of molecular collisions. We would 

therefore expect the average molecular speed to be greater than the speed of the sound 

(otherwise the sound pulse could not be propagated), yet of the same order of 

magnitude. 


ITQ 15 The speed of sound in air at 300 K (27°C) is measured to be 
approximately 348 m s^ +. How does this speed compare with the root-mean- 
squared speed of an ‘air molecule’ at 300 K. Assume that air is composed solely 
of nitrogen (N,) molecules, and that the mass of one N, molecule is 4.65 x 


10? kg. 
Table 4 The measured speed of 

: sound in air at different tempera- 
So clearly, the predicted value of v,,,, for an air molecule at 300 K is consistent with the tures. 
measured value of the speed of sound. But perhaps even more convincing is the = 
evidence that comes from measurements of the way in which the speed of sound T Usound Usound// 
varies as either the temperature is changed, or the mass of the gas molecules is changed kelvins ms ! ms "Kk * 
(by using different gases). 300 348 20.1 
For example, the speed of sound in air is found to decrease as the temperature falls. 293 343 20.0 
In fact, as you can see from the last column of Table 4, Vsouna is proportional to off, ; 288 340 20.0 
where T is the absolute temperature. If, as I suggested in the answer to ITQ 15, the 280 334 20.0 
speed of sound is related to the rms speed of the gas molecules, then a demonstration 273 329 19.9 


that v.sunq oc ./ T is tantamount to demonstrating that v,,, oc ,/ T. That is, measure- 


3.6.3 


ments of the speed of sound in air at different temperatures seem to confirm the 
kinetic-theory prediction, stated in equation 51, that v, oc SF : 


Alternatively, when the speed of sound is measured in different gases at the same 
temperature, it is found that it increases as the relative molecular mass of the gas 
decreases.* Within the limits of experimental uncertainty the speed of the sound 


appears to be inversely proportional to m. Arguing as before, this in turn suggests 


that v,,,, is inversely proportional to m. In other words, measurements of the speed 
of sound in different gases at the same temperature seem to confirm the kinetic theory 


prediction, stated in equation 52, that v,,,, oc 1/,/m. 


Diffusion 


The second method of estimating molecular speeds, and thereby providing experi- 
mental confirmation of equations 51 and 52 (and also, therefore, of equation 50) 
derives from experiments on diffusion. Diffusion is the name given to the process 
whereby two (or more) fluids, placed in contact, will slowly become completely mixed. 
Experiments show that different substances diffuse at different rates. For instance, 
helium is found to diffuse through air about four times as quickly as does sulphur 
dioxide (assuming the temperature is the same in both cases.) Sulphur dioxide (SO;) 
has a relative molecular mass M, of 64; helium, which has monatomic molecules, has a 
relative molecular mass of 4. Hence, the sulphur dioxide is 16 times heavier than the 


helium, and diffuses 4 times more slowly. It would seem that Vaiffusion oc 1 JI /m. If we 
assume that the speed of diffusion is directly determined by the rms speed of the 
molecules, then once again we have support for the kinetic-theory prediction (equa- 


tion 52) that v,,, oc 1/,/m. 


There are several interesting consequences of the fact that the speed of diffusion is 
inversely proportional to the square root of the molecular mass. Since lighter mole- 
cules diffuse more quickly, the astute perfume-manufacturer, wishing to ensure the 
dominance of his product over that of his competitors, will seek out not merely the 
most heavenly scent, but the most heavenly scent with the lowest molecular mass. In 
that way, he will ensure that his perfume is the one that acts more quickly at a dis- 
tance! + 


More seriously, this phenomenon of gases of different mass diffusing at different rates 
is used as the basis of a method for separating out the fissionable isotope of uranium, 
ie. uranium-235 (abbreviated to ??^U) from the naturally occurring mixture of 
uranium-238 (??5U) and uranium-235. (???U constitutes, typically, about 0.7 per cent 
of the mixture.) The process employed is as follows. 


Naturally occurring uranium is made to react with fluorine to form the gas uranium 
hexafluoride (UF;). Of course, this gas is now made up of two kinds of UF, molecules; 
the majority of them contain ??5U atoms, but a few contain atoms of ?°U. The gas 
mixture is now put into a container made of some porous material through which gas 
molecules can diffuse. But the lighter molecules diffuse faster than the heavier mole- 
cules; hence, the two types of molecules begin to separate. By repeating the diffusion 
process many times, the relative abundance of the molecules containing the uranium- 
235 can be increased to more than 40 per cent of the total. 


ITQ 16 The relative atomic mass A, of fluorine is 19; the relative atomic 
masses of ???U and ??5U are, of course, 235 and 238 respectively. Calculate 
the separation factor for UF, gas. (The separation factor is defined as that 
factor by which the diffusion speed of the lighter molecules exceeds that of the 
heavier molecules, i.e. it is the ratio of v, (light) to v,,,(heavy).) 


* You may have seen the demonstration in which a speaker, after breathing in a lungful of 
helium gas, is only able to talk in a high pitched, ‘Donald Duck’ voice. This is because the 
speed of the sound is related to the frequency f and wavelength / of the sound by the equation 
Usouna = /^. The wavelength is determined primarily by the size of the speaker's vocal 
cavities, and is therefore more or less fixed. Hence the increase in frequency (exemplified by 
the higher pitched speaking voice) indicates a higher speed of sound in helium than in air. 
(And air, of course, is much heavier than helium.) 


T You think I’m joking; and to some extent I am! In reality, convection currents are probably 
more important than diffusion in conveying scent molecules across a room. 


diffusion 


S271 UNIT 11 


45 


3.6.4 


The Maxwell-Boltzmann distribution 


Nowadays, numerous tests have been carried out that have confirmed, beyond any 
doubt, the essential correctness of the kinetic theory. But it is worth mentioning just 
one further test, which, perhaps because it confirms the averaging processes implied by 
such equations as 47 and 50, seems to provide the ultimate ‘proof’ of kinetic-theory 
ideas. You see, the tests mentioned so far have confirmed that the average squared 
speed of the molecules varies with the temperature and mass of the molecules in the 
way predicted. But throughout the discussion, I have had to talk about the molecules’ 
average squared speed, or their rms speed—never simply the speed of the molecules. 
The reason for this, of course, is that the whole kinetic-theory analysis is based on the 
assumption that not all molecules are moving with the same speed, but rather that 
there is a distribution, or range, of speeds.* It’s not surprising, therefore, that the results 
of the analysis should reflect this initial assumption. 


The prediction 


In 1859, the Scottish physicist James Clerk Maxwellt realized that he could extend 
the kinetic-theory analysis so as to enable him to calculate what the predicted dis- 
tribution of speeds should be for the molecules in any given sample of gas. This 
distribution is now called the Maxwellian, or (more commonly) Maxwell-Boltzmann 
distribution of speeds.t 


S 


most probable speeds 


O» (300K) 


(from a total 
molecules) with a 
E 


speed within 0.5 ms-! of v 
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number of molecules 
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Figure 30 The Maxwell-Boltzmann distribution of speeds, for 10° oxygen molecules at 
300 K and 600 K, and 10* hydrogen molecules at 300 K. At any particular integral-number 
speed (e.g. 750 m s^ +), the height of the curve specifies the number of molecules having a 
speed within 0.5 m s^! of that particular speed (e.g. within the range 749.5 m s^! to 750.5 
ms). The sum of all the numbers at each integral-number speed (in any one gas sample) 
must be 1000 000. 


Note that when the temperature of the molecules is increased, or when molecules of /ower 
mass are chosen, the molecular speeds are spread over a wider range, and there are fewer 
molecules moving at the most probable speed. 


Figure 30 shows such a distribution of speeds for three different samples of gas. Two 
ofthe curves relate to samples of oxygen molecules, one at a temperature of 300 K, the 
other at 600 K; the third curve represents the distribution of speeds in a sample of 
hydrogen molecules at 300 K. To make the meaning of the graphs clear, they have 
been plotted on the (arbitrary) assumption that each gas sample contains 1 000 000 
(i.e. 105) molecules. The vertical axis then shows the number of molecules that can be 
found, at any instant of time, with a speed within 0.5 m s~! of any integral-number 
speed. In the sample of oxygen molecules at 300 K, for example, there will be about 
500 molecules out of the total sample of 10° molecules (i.e. about 0.05 per cent of the 
total population) that have a speed falling within the range 749.5 ms~! to 750.5 ms^ ! 


* Incidentally, if the gas is in equilibrium, then <v?) can mean either the average of v? for 
one molecule taken over a long interval of time, or the average of v? for all molecules taken at 
a single instant of time. These two interpretations must be equivalent if the overall ‘state’ of 
the gas is not to change with time. 


+ This is the same Maxwell who developed the equations of electromagnetism (Unit 8). 


$ Ludwig Boltzmann made later contributions to this subject. 
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Maxwell-Boltzmann distribution 


(i.e. within 0.5 m s^! of 750 m s~ +). For the sample of hydrogen molecules at 300 K, 
however, only about 350 molecules (about 0.035 per cent of the total sample) have a 
speed within 0.5 ms ! of 750 m s™ 1. 


ITQ 17 Estimate from Figure 30 how many molecules in the sample of 
oxygen at 600 K have speeds within 0.5 ms ^! of 750 m s™!. 


Because the distribution curves shown in Figure 30 are not symmetrical, the most 
probable speed v,.,, (i.e. the speed occurring at the peak of any one of the curves) is 
not the same as the average speed <v}. Furthermore, as you already know, the average 
speed <v) is not the same as v,,,,. Figure 31 shows where all these speeds lie on a typical 
distribution curve. It works out, in fact, that for all Maxwell-Boltzmann distributions, 
<v> = 0.92 Vms» and Vpeak ~ 0.82 v,,,.* (Remember that it is Vms that has been in- 
volved in the previous discussions of the predicted experimental consequences of 
kinetic theory.) 


peed 


For the Maxwell-Boltzmann 
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Figure 31 The relationship between v,,,,, <U), and V,ms for the Maxwell-Boltzmann dis- 
tribution of speeds. Maxwell's analysis (which you are not expected to know about) showed 
that the most probable speed v,.,, was given by Vpeak = ,/2kT/m. By comparing this with 
equation 50 (i.e. Vms = /3kT/m) you can see that v,.44/Urms = JING = 0.82. 


The experimental test 


So, the prediction is that molecules of a particular gas, at a given temperature, will 
have a specific distribution of speeds (a Maxwell-Boltzmann distribution.) Is there an 
experiment we can perform to observe, or better still measure, this distribution? The 
answer is yes—several experimenters have devised ingenious methods for measuring 
molecular speeds. The principles of one such method are shown schematically in 
Figure 32; the technical details are as follows. 


— to pump 


= 


narrow beam 


collimating Of bismuth 
slits molecules 4 


oven 


heating element 


VACUUM CHAMBER rotating drum 


Bismuth metal is placed in the oven and heated until it begins to vaporize. (Because 
the whole apparatus is placed in an evacuated chamber, the bismuth vaporizes at a 
temperature well below its normal (atmospheric pressure) boiling point.) The gas 
escapes from the oven through a slit, and a second slit, some distance from the first, 


* These numbers only apply to the Maxwell-Boltzmann distribution. A different curve shape 
would lead to different relationships between the peak, average, and rms speeds. 
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Figure 32 The rotating-drum method for 
measuring the distribution of molecular 
speeds. 
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then selects only those molecules that are travelling in an almost ‘parallel beam’. Near 
this second slit is a drum that is capable of rotating at up to about 100 revolutions per 
second. This drum also has a narrow slit in its wall. First, the drum is positioned 
so that all the slits are lined up. The molecules in the beam now enter the drum and 
strike the film opposite the slit. They condense out on the film at this point, and so 
provide a reference zero for the molecular speed measurements that are to follow. 


slit slit slit 


a ‘pulse’ of molecules — the ‘pulse’ of molecules the molecules are smeared 
is ‘cut’ fromthe beam spreads as it crosses the drum out along the film 


These measurements are obtained, as illustrated in Figure 33, by rotating the drum. 
As the slit in the drum cuts through the molecular beam, it admits a ‘pulse’ of molecules 
to the drum’s interior. It takes time for this ‘pulse’ of molecules to traverse the drum, 
and during this time the drum is rotating. So the molecules strike the opposite face of 
the drum at a position separated from the zero position (obtained when the drum was 
stationary) by a distance that is determined by the time it takes the molecules to cross 
the drum. Furthermore, because the molecules in the ‘pulse’ have a range of speeds 
determined by the Maxwell-Boltzmann distribution, they will take different times to 
traverse the drum; hence the pulse will be smeared-out along the film. If the ‘blacken- 
ing’ of the smear is now measured as a function of position across the film, it will give 
a measure of the number of molecules at each speed in the distribution. 


Figure 34 shows a typical trace obtained from such an experiment. This trace agrees 
very well with that predicted by the Maxwell-Boltzmann distribution (shown on the 
Figure as a dashed curve.) 
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Figure34 The data obtained from a rotating-drum experiment. The shape of the theoretical 
(dashed) curve in this Figure is not the same as in Figure 31, since the horizontal axis is 
proportional to (1/speed) rather than speed. 


ITQ 18 Ina rotating drum experiment to measure the speed distribution of 
certain gas molecules, a drum of diameter 0.5 metre is rotated at 100 revolutions 
per second. The beginning of any appreciable trace on the detecting film occurs 
31.4 mm away from the zero mark. The blackest part of the trace occurs 
78.4 mm away from the zero mark. What is (a) the highest molecular speed at 
which there is a just-detectable number of molecules in the ‘pulse’, and (b) the 
molecular speed at which there is the greatest number of molecules? 


The value of the kinetic theory 


So our kinetic theory of gases is looking pretty good: it can be made to match the 
ideal-gas law; it helps explain diffusion; it explains the variations in the speed of 
sound as the temperature, or the composition, of the gas is changed; it provides a 
microscopic, mechanical interpretation of temperature; and furthermore, its pre- 
dictions for the distribution of molecular speeds are supported by direct experimental 
evidence. 
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Figure33 The ‘pulse’ of molecules travels 
across the drum and is smeared out along 
the film. 


3.8 


But this is only a beginning. Kinetic-theory ideas have been enormously successful 
in modelling all kinds of aspects of the behaviour of gases. Furthermore, they have 
also been used, albeit qualitatively, and with somewhat less success, to help explain 
some processes in liquids and solids—for instance, evaporation, and thermal expan- 
sion. But perhaps the most interesting outcome of kinetic theory is the way in which 
the slightly more general ideas of ‘molecular motion’ and ‘average behaviour’ have 
been used to clarify our basic understanding of heat, and heat processes. It is this topic 
that I shall take up, very briefly, in the next, and final, Section. 


Summary of the main ideas in Section 3 


The kinetic theory of gases assumes that a gas is made up of randomly moving, hard, 
point-like particles which do not interact with each other at a distance. These particles 
are assumed to obey Newton’s laws (though gravity is neglected), and all collisions 
experienced by these particles are assumed to be elastic collisions. 


The macroscopic properties of the gas are then assumed to be a consequence of the 
average behaviour of these microscopic particles. For instance, the pressure of a gas 
is a consequence of the average force exerted by the molecules of the gas on the walls of 
its container; the average force results from averaging the exchanges of momentum 
between the microscopic particles and the walls. 


The kinetic theory provides a quantitative link between the macroscopic parameters, 
P and V, describing the state of a gas, and the translational kinetic energy of the 
microscopic particles thought to be making up the gas. The relationship is 


PV = 3NCE xin) (eq. 46) 


~ If the ideal-gas equation is compared with the kinetic-theory equations, a micro- 


scopic interpretation of temperature ensues. The relationship is 
(Ey? = 3kT (eq. 47) 


The average translational kinetic energy (E,,,» ofa gas (in its ideal-gas approximation) 
is, therefore, only dependent on the temperature of a gas. Since (E,;,» is given by 

imv?^», then when two gases are at the same temperature, the molecules of the 
heavier gas must on average be moving more slowly than the molecules of the light 
gas. 


The rms speed of gas molecules is proportional to ,/ T/m (equation 50). This prediction 
is supported by measurements on the speed of sound in different gases at different 
temperatures. 


The dependence of v,,,, on m is also supported by diffusion experiments. This effect is 
taken advantage of in gaseous-diffusion isotope-separation systems. 


Kinetic theory predicts that the distribution of molecular speeds in a gas will follow 
the Maxwell-Boltzmann distribution. The peak speed (v,..,) in this distribution is 
smaller than <v}, which is smaller than vms- 


The Maxwell-Boltzmann distribution has been confirmed experimentally by various 
methods. One (typical) method measures the distribution of speeds in a ‘molecular 
beam’. 


Self-assessment questions for Section 3 


SAQ 16 Acylindercontains 1 kg ofargon gas(M, = 40) ata pressure of 10° N m 2. 
When another kilogram of argon is added to the cylinder, without changing the 
temperature, the pressure increases to 2 x 10? N m ?. Explain this observation in 
terms of the kinetic theory of gases. 


SAQ 17 A fixed volume of helium (M, — 4) is heated so that its temperature rises 
from 300 K to 600 K. Explain, in terms of the kinetic theory, what happens to the 
pressure of the helium. 


SAQ 18 Suppose the cylinder (described in SAQ 16) containing the 1 kg of argon 
at a pressure of 10? N m ?, has a volume of 0.6 m?. What is the rms speed of the 
molecules of argon? (Hint: if N is the numbers of molecules, and m is the mass of one 
molecule, what is the product Nm equal to?) 
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SAQ 19 (a) What is the ratio of the average translational kinetic energies CE? 
of the molecules in gaseous oxygen (M, — 32) and gaseous hydrogen (M, — 2)at the 
same temperature? 


(b) What is the ratio of the rms speed of the molecules of these two gases? 


SAQ 20 (a) Given that the mass of an oxygen (O5) molecule is 5.31 x 10776 kg, 
calculate the rms speeds of the two samples of oxygen molecules shown in Figure 30, 
at 300 K and 600K. (Boltzmann's constant k ~ 1.38 x 10 ?? JK- 1) 


(b) Assuming the relationship v eak = 0.82 v... calculate the most probable speeds 
of these two samples of oxygen molecules. Does your answer agree with Figure 30? 


SAQ 21 Suppose it is possible to assume that the speed of sound in a gas is directly 
proportional to the rms speed of the molecules of the gas. Estimate how much greater 
the speed of sound would be in nitrogen (M, — 28) than in helium (M. ,= 4). 


SAQ 22 A particular house has an interior volume of 300 m°. The air pressure in the 
house is 10° N m ?. If the temperature of the air in the house is increased from 7 °C 
to 17 °C without changing the air pressure, calculate the total translational kinetic 
energy of all the air molecules in the house both before, and after, the temperature rise. 
(Caution This question is not as obvious as it seems!) 


Molecular motion—a microscopic view 
of heat 


The kinetic theory, as developed in the mid-1800s, successfully provided a theoretical 
basis from which to calculate many predicted properties and patterns of behaviour of 
gases —quantitative predictions that were then subsequently confirmed by experiment. 
But the theory was much more than a mere computational device (albeit a very 
powerful one). It also provided new conceptual insights into the behaviour of matter 
at the molecular level, and thereby encouraged scientists to look for similar microscopic 
explanations of other (macroscopic) phenomena. In particular, it provided very 
welcome support to those physicists who were trying to promulgate a ‘molecular’ 
understanding of heat. 


So, in this final Section of the Unit, I want to attempt to bring the story full circle, and 
explain, very briefly, how the underlying kinetic-theory ideas that you met in the 
previous Section led to our present-day, microscopic view of heat. 


The historical perspective 


Our understanding of heat has a long and confused history. As far back as the 17th 
century, Newton was speculating that heat was ‘atomic’ motion; but since ‘atoms’ 
themselves were, at that time, no more than mere speculation, any relationship 
between these ‘hypothetical atoms’ and heat was bound to be rather vague. And the 
ideas remained vague for a long time after Newton. For instance, as you saw earlier in 
this Unit, it wasn’t until about 1750 that Joseph Black distinguished clearly between 
heat and temperature. He defined the quantity now known as ‘specific heat’ (recall 
Section 1.3), and he also discussed the ‘hidden’, or latent, heat that became available 
when a gas condensed to a liquid, or a liquid froze into a solid (recall Section 1.4). 
Unfortunately this led him to the idea that heat was a kind of fluid (quickly named 
caloric) that was conserved, but which could nevertheless flow from one body to 
another. Although we know now that this caloric model is incorrect, it was very 
popular in its day. Indeed, by 1800 it was firmly established as the most favoured 
description of heat.* 


* What’s more, the basic idea of the caloric model—namely that heat can be thought of asa 
kind of fluid—has lingered on into our present-day vocabulary. We talk of heat flowing from 
hot bodies to cold bodies; we talk about adding heat; we talk about heat losses. Strictly 
speaking, as you will see in a moment, this is a rather sloppy use of language. But it is a use 
that is so ingrained into our everyday speech, it would be futile to attempt to eradicate it. 
Instead, you should regard it as a short-hand way of describing the transfer of energy from 
one system to another. 
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caloric 


There were dissenters, however. In 1780, Lavoisier and Laplace wrote: 


`. . . heat is the vis viva* resulting from the insensible movements of the molecules of 
the body.” 


And in 1796, John Locke wrote: 


“Heat is a very brisk agitation of the insensible parts of the object, ... what in our 
sensation is heat, in the object is nothing more but motion.’ 


By the turn of the century, the American scientist Benjamin Thompson (also known 
as Count Rumford) had collected sufficient experimental evidence—derived from 
heat measurements made during the boring of cannons—to demonstrate that heat 
could not possibly be a conserved fluid, since it could be produced in unlimited 
amounts (see Figure 35). He too favoured the idea that heat was energy of molecular 
motion. 


‘Being engaged lately in superintending 
the boring of cannon in the workshops 
of the military arsenal at Munich, I was 
struck with the very considerable 
degree of heat that a brass gun acquires 
in a short time in being bored, and 
with the still higher temperature (much 
higher than that of boiling water, as I 
found by experiment) of the metallic 
chips separated from it by the borer. 
The more I meditated on these pheno- 
mena, the more they appeared to me to 
be curious and interesting... By 
meditating on the results of all these 
experiments, we are naturally brought 
to that great question which has so 
often been the subject of speculation 
among philosophers, namely, what is 
heat? Is there any such thing as an 
igneous fluid? Is there anything that can with propriety be called caloric? We 
have seen that a very considerable quantity of heat may be excited in the 
friction of two metallic surfaces, and given off in a constant stream or flux in 
all directions without interruption or intermission, and without any signs of 
diminution or exhaustion. From whence came this heat?... It is hardly 
necessary to add that anything which any insulated body, or system of bodies, 
can continue to furnish without limitation, cannot possibly be a material sub- 
stance; and it appears to be extremely difficult, if not quite impossible, to form 
any distinct idea of anything capable of being excited and communicated in 
the manner in which heat was excited and communicated in these experiments, 
except it be motion.’ 


Benjamin Thompson, Count Rumford (1753-1814) 


Nevertheless, it took a further half a century for this ‘rebel’ view of heat to become 
established. For it was then, in the 1840s and 1850s, that the incontrovertible evidence 
came pouring in. Joule (and others) performed a whole series of experiments de- 
monstrating that mechanical energy, chemical energy, and electrical energy could all 
be transformed into heat, thus suggesting that heat itself was a form of energy. So, the 
law of conservation of energy (which had been held to be true in the absence of heat 
flow or temperature change), and the law of conservation of heat (which had been 
found to be true for thermal exchange processes—see again, for example, ITQ 1) were 
combined, and the first law of thermodynamics was formulated. This law, which 
extended the principle of conservation of energy so as to encompass all natural 
processes, treated heat in exactly the same way as any other form of energy. 


* Vis viva literally translated means the ‘living face’. More relevant perhaps is the fact that 
this was the 18th-century name for the quantity we now call kinetic energy. 
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Figure 35 Count Rumford's evidence 
against the caloric theory. Count 
Rumford, whose original name was 
Benjamin Thompson, was born in New 
England in 1753. He was a very 
‘colourful character’, acting as a spy for 
the British during the American 
Revolution. Unfortunately, he was 
discovered, and was forced to leave his 
home country for England. In England, 
he demonstrated himself to be a gifted 
organizer with a keen interest in matters 
scientific. He founded the Royal 
Institution, made many friends and 
influenced many people, and was 
knighted for his troubles! He then set 
out to travel across Europe. In Bavaria, 
he took on the post of Minister of War 
with responsibility for reorganizing the 
army. He was so successful, that the 
grateful government awarded him the 
title of Count. He took the name 
Rumford, after a small town in New 
Hampshire, America. It was during this 
time in Bavaria, while supervising work 
in the Munich arsenal, that he made his 
observations on the nature of heat. 


1st law of thermodynamics 
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4.2 


4.2.1 


In addition to this experimental evidence, there was also, as I mentioned earlier, 
theoretical support from the kinetic theory of gases for the idea that heat was the 
manifestation of molecular energy. After all, what other possible interpretation could 
there be for the conclusion that the temperature of a gas is proportional to the average 
translational kinetic energy of its molecules (equation 47, Section 3.5)? 


Anyway, by about 1870 the cause was won. But there was still a lot of untangling 
required before all the ideas were sufficiently well sorted out for there to be no remain- 
ing inconsistencies. Unfortunately, this sorting out of ideas has only taken place on a 
scientific level. At the colloquial level, we are still today as muddle-headed in our use of 
the word ‘heat’ as we have ever been! In fact, there are at least three ways in which we 
misuse the word. At the most basic level, we occasionally use the word ‘heat’ when 
we really mean ‘temperature’. (We talk, for example, of ‘blood heat’ or the ‘heat of the 
day’.) Fortunately, this use is gradually dying out. The second way in which the word 
is misused has already been mentioned: we talk of heat flowing, as though we still 
think of it as a fluid. This misuse is not too serious, provided we realize that it is a 
verbal short-hand for a ‘transfer of energy.’ The third abuse of the word is still more 
subtle; even practising physicists can occasionally be heard using the word ‘heat’ 
when what they are really talking about is something that should, strictly speaking, be 
called internal energy. Of course, these rather careless uses of the word ‘heat’ in our 
everyday language are simply reflections of our previous historical misunderstanding 
of the phenomenon; for this reason, it is unfortunate that they still persist. They can be 
tolerated, however, provided that, as scientists, we don’t allow this confusion of 
language to lead to an equivalent confusion of thought. Hence, in the next couple of 
Sections, I want to try to explain exactly what a physicist understands by the phase 
‘the substance was heated’. 


A more enlightened view of heat 


Defining internal energy 


Consider a gas-filled balloon of mass M, moving through the atmosphere at a given 
speed v, and at a height h above the Earth’s surface (see Figure 36). How could you 
quantify the energy of this system? Well, you would probably say (in the light of your 
study of Unit 3), that the balloon has kinetic energy by virtue of its motion, and 
potential energy by virtue of its position in the Earth's gravitational field. Both of these 
are macroscopic forms of energy resulting from the motion and position of the body as 
a whole. Of course, its conceivable that the balloon has other macroscopic forms of 
energy, as well. For instance, it might be electrostatically charged and moving in an 
electric field; it would then have some electrostatic potential energy in addition to its 
gravitational potential energy. Let us lump together all these different types of 
macroscopic energy, and give them the collective title of bulk energy. That is, the bulk 
energy of a body is the total macroscopic energy the body possesses, as a whole, by 
virtue of its motion and position. 


But this is not the total energy of the system. Why not? Well, in view of the kinetic- 
theory ideas, the molecules of gas in the balloon also have energy associated with 
them. If the gas is an ideal gas, and we think of its molecules as being hard, non- 
interacting point-like spheres, then the only kind of energy these molecues can possess 
is random, translational kinetic energy. But, of course, an ideal gas is only a simple 
approximation to a real gas; a real gas does not have such simple molecules. Oxygen, 
for instance is made up of diatomic (O,) molecules, which may therefore have rota- 
tional or vibrational forms of kinetic energy in addition to their translational kinetic 
energy (see Figure 37). Furthermore, the molecules of a real gas do attract each other 
from a distance (though very, very weakly); hence we can think of these molecules as 
also having a random distribution of potential energies. As with the macroscopic 
energies, we now lump altogether all these different kinds of microscopic (molecular) 
energies under the collective title of internal energy. That is, the internal energy of a 
system is the total, randomly distributed, energy associated with the motion and 
interaction of the molecules of the system. We usually represent internal energy by the 
symbol U. 


Notice that, because of the ‘chaotic’ behaviour of the molecules on the microscopic 
level, the internal energy of a system is randomly distributed. In contrast, the bulk 
energy of the system is highly ordered. For this reason, bulk energy is frequently 
referred to as ordered energy, whereas internal energy is referred to as disordered 
energy. 
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Figure 36 A balloon of mass M 
moving with speed v at height h above 
the Earth's surface has a bulk energy 
(equal to the sum of its kinetic and 
potential energies) of Mgh + 3Mv? 
relative to the Earth's surface. 


Figure 37 A simple model of a diatomic 
oxygen (O,) molecule in which the forces 
holding the two oxygen atoms together 
are schematically represented by means 
of the connecting spring. A molecule like 
this could rotate about the y or z axes, 
vibrate along the x-axis, or translate its 
centre of mass to a different location. 


4.2.2 


4.2.3 


ITQ 19 Bearing in mind the kinetic-theory relationship between the 
temperature of an ideal gas and the average translational kinetic energy of its 
molecules, derive an expression for the total internal energy of a sample of ideal 
gas containing N molecules. 


Heating, working, and internal energy 


So, if internal énergy is the randomly distributed energy of the molecules of a system, 
does it follow that heat is internal energy, and internal energy is heat? Unfortunately, 
the answer to this question is ‘not quite’. The problem is that there are two, quite 
separate, concepts involved: 


(i) the molecular energy content of a body (that is, the internal energy of a body), 
and 


(ii) the energy transferred to or from a body by molecular collisions (that is, a 
‘heat transfer’). 


In the past, these two concepts were not differentiated; they were both given the 
name ‘heat’. This was a totally reasonable attitude at a time when heat was thought to 
be a fluid that could be stored in a body, but which also could flow from one body to 
another. Today, however, it is important that we do distinguish between these two 
ideas. The reason for making this distinction is that the internal energy of a body can 
increase in response to work being done on the body, as well as in response to energy 
being transferred by heating. Let me give you a couple of examples. 


Consider the cylinder of air shown in Figure 38. Suppose the piston in the cylinder is 
pushed inwards so that the air is compressed. Suppose also that no energy is lost from 
the system. Then, what happens is that the air warms up, i.e. its temperature increases. 
(You may have noticed this effect if you have ever had occasion to use a bicycle pump.) 
Colloquially, we may well say that the air ‘has been heated’. Strictly speaking though, 
this is not accurate. What has really happened is that we have done mechanical work 
on the air (by forcing the piston to move through a given distance—recall again 
Unit 3), and have thereby increased the internal energy of the air; it is this increase in 
internal energy that is revealed by the rise in temperature. Nowhere, in this example, 
have we transferred energy by heating. 


ITQ 20 Can you explain from a molecular (kinetic-theory) viewpoint why 
compressing the air in the cylinder increases its internal energy? 


Or consider a second example. Whenever you stop your car (or bicycle) by braking, 
you transfer the kinetic energy of the car’s (or bicycle’s) forward motion to the internal 
energy of the brakes. Again, the increase in internal energy is revealed by a rise in the 
temperature of the brakes. And again, although we may speak loosely of ‘heating up’ 
the brakes, the true process by which the energy here is transferred is again the process 
of ‘doing work’ or ‘working’. 


In fact, both working and heating are methods of energy transfer. The difference 
between them can be described as follows. When energy is transformed from dis- 
ordered (internal) energy in a body at a high temperature, into disordered (internal) 
energy in a body at a lower temperature, the energy transfer process is heating. On the 
other hand, when ordered (bulk) energy is transformed into either disordered energy, 
or another form of ordered energy, the transfer process is working. That is, 


HEATING: disordered energy > disordered energy 


disordered 
WORKING: ordered energy pec ee 
"+ ordered energy 


Some examples of energy exchanges involving working or heating are listed in 
Table 5 overleaf. 


Reviewing the language of heat 


So, in the light of the preceding discussion, how should we use the word heat? The 
safest answer to this question is: never as a noun—only as a verb! It’s perfectly all 
right to talk about heating the bath water because this implies a transfer of internal 
energy from the heating element to the water. But it is not really correct to talk about 
the heat in the water. In this latter case, what is really meant is the internal energy of the 
water. 
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Figure 38 When the piston in the 
cylinder is moved to the left, the air is 
compressed and its temperature rises. We 
have done work on the air and so 
increased its internal energy. 


working and heating 
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Table 5 Some examples of working and heating 


Energy transfer 


Type and location of energy 


Example process* initially finally 
car braking working kinetic energy internal energy of 
of car brakes and 
surroundings 
air being compressed working chemical internal energy of air, 
in a bicycle pump (potential) energy pump-casing and 
of man, producing X surroundings, plus 
kinetic energy of potential energy of 
piston compressed gas 
drilling hole in a working electrical energy, internal energy of 
block of metal producing drill and metal 
rotational energy 
of drill 
hot water radiator heating internal energy of internal energy of 
in room hot water room (air, materials, 
objects etc.) 
man standing heating internal energy internal energy of 
outdoors on a cold day of man environment 
cold milk poured into heating internal energy internal energy of milk 
hot cup of coffee of coffee 


* Notice that heating always transfers (disordered) internal energy from a hot body to a colder 
body, whereas any (disordered) internal energy produced by working is at the expense of some 
form of ordered (bulk) energy. 


Unfortunately, this distinction means that we should, ideally, find new names for the 
quantities ‘specific heat’ and ‘specific latent heat’, both of which do use ‘heat’ as a 
noun. Now, I don’t know how you feel, but I have a sneaking suspicion that an 
expression like the specific capacity for energy transfer by heating is not too likely to 
catch on! Some scientists have tried to get round this difficulty by using the terms 
specific thermal capacity, and specific latent thermal capacity, respectively. But as I 
think you'll agree, even these are not the kinds of changes in nomenclature that take 
place without something of a struggle; so I think we're going to have to put up with 
the old names for quite some time to come. All of which makes me feel much better 
about my incorrect use of the word heat (as a noun) all the way through the earlier 
Sections of this Unit! 


Summary of the main ideas in Section 4 


The total energy of a system can be broken down into two parts, the bulk energy (the 
energy of the system as a whole), and the internal energy (the energy of the molecules 
of the system). 


Internal energy is randomly distributed ; it is sometimes called disordered energy. Bulk 
energy is sometimes called ordered energy. 


The internal energy of a sample of N molecules of ideal gas is given by U = 3NKT. 


Heating is a method of transferring internal energy from a body at a high temperature 
to a body at a low temperature. 


When the internal energy of a body is increased by working, the transfer is always at 
the expense of some form of ordered (bulk) energy. 


Self-assessment questions for Section 4 


SAQ 23 Ifa fixed mass of ideal gas is compressed in such a way that its temperature 
remains constant (i.e. the Boyle's law condition), does its internal energy increase, 
decrease, or stay the same? 


SAQ 24 What is the internal energy of one mole of ideal gas at 300 K? (The back 


cover of this Unit lists the values of any physical constants you may need to answer 
this question.) 
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Objectives 


Now that you have completed this Unit, you should be able to: 


1 Explain what is meant by a thermometric property, and be able to describe how 
temperature can be defined operationally in terms of such a property. 


2 Give examples of several different types of thermometer. 
3 Describe and use the Celsius scale of temperature. (ITQ 5, and others) 


4 Define specific heat, and heat capacity, and be able to use the equation Q = Mc AT 
in calculations. (SAQs 1, 2, 3, 5 and 6; ITQ 1) 


5 Explain what it meant by a change of state (phase change). (ITQ 2) 


6 Define the specific latent heats of fusion and vaporization, and be able to solve 
problems involving these quantities. (SAQs 4, 5 and 6; IT Q 2) 


7 Explain, in simple terms, the concept of pressure, and solve problems in which the 
pressure is expressed in any of the following units: newtons metres, atmospheres, 
millimetres of mercury. (SAQs 13, 14 and 15; ITQs 3 and 4) 


8 Recall, and use, Boyle's law. (SAQ 7) 


9 Describe the principles of operation of a (stylized) constant-volume gas thermo- 
meter. (SAQs 8 and 9; ITQs 3 and 4) 


10 Describe how a real-gas constant-volume thermometer can be used to define and 
measure absolute temperatures, and calculate ideal-gas scale temperatures given the 
appropriate data. (SAQs 8 and 9; ITQs 3 and 4) 


11 Describethe standard calibration points used to define the units of kelvins on the 
ideal-gas scale, and explain the meaning of the absolute zero of temperature. (SAQ 9; 
ITQ 5) 


12 Express temperatures in kelvins, and convert to or from degrees Celsius. 
(SAQ 8; ITQ 5) 


13 State the law of thermal equilibrium, and explain its relevance to thermometry. 
(SAQ 10) 


14 Explain the meaning ofthe terms: mole, molar mass, relative molecular (atomic) 
mass, and Avogadro’s number, and use the equations n = N/N, and n = M/M,,. 
(SAQs 11 and 12; ITQ 13) 


15 Give both a quantitative description and a formal definition of an ideal gas 
(SAQ 9) 
16 Recall and use the ideal-gas law (in both its ‘molar’ and ‘molecular’ form, i.e. 


equations 23 and 27), and recall the meaning of, and use, the molar gas constant R, 
and Boltzmann’s constant k (SAQs 12, 13, 14 and 15; ITQs 6, 7 and 8) 


17 Describe and explain the basic assumptions underpinning the kinetic theory of 
gases. (SAQ 16; ITQs 9 and 10) 


18 Explain qualitatively how the kinetic-theory model of a gas is in accord with the 
ideal-gas equation PV = nRT. (SAQs 16 and 23; IT Qs 9, 10, 12 and 20) 


19 Distinguish between (v?) and (v)?, and also explain the difference between (v), 
Vrms aNd vy a. ($405 19 and 20; ITQ 11) 


20 Use the kinetic-theory equation of pressure, P = 2N(E,,»/V in calculations. 
(SAQs 17, 18 and 22) 


21 Recall, and explain the significance of, the equation (E,;,» = 3kT, and use this 
equation in calculations. (SAQs 17 and 23; IT Qs 13 and 14) 


22 Recall (or deduce) the equation relating v,,, to absolute temperature and mole- 
cular mass, ie. Vms = J/3kT/m. (SAQs 20 and 21; ITQ 15) 


23 Describe various pieces of experimental evidence supporting the kinetic-theory 
prediction for the rms speed of gas molecules. (SAQ 21; ITQ 15) 


24 Describe the principle of the gaseous diffusion method of isotope separation. 


(TQ 16) 
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25 Explain what is meant by the Maxwell-Boltzmann distribution, and describe a 
typical experiment to test its predictions. (SAQ 19; ITQs 17 and 18) 


26 Distinguish between bulk energy and internal energy, and explain the terms 


‘ordered’ and ‘disordered’ energy. (SAQ 23; ITQ 20) 


27 Evaluate the internal energy of an ideal gas. (SAQs 22, 23 and 24; ITQ 19) 


28 Distinguish between heating, working, and internal energy. (SAQ 23, ITQ 20) 


ITQ answers and comments 


ITQ 1 We begin by letting the final temperature of the tea and the 
mug be T; (where, of course, we expect T; to be less than 95 °C). Now, 


heat lost by tea = M, X Crea x (Trea — To 


0.25 kg x 10. 9. x (95°C — T) 
=U. <a ———- X = 
g kg °C f 


Ti 
= 0.25 x 1.0 x [95 — kcal 


°C 
Tr 
= | 23.75 — 0.25 — | kcal 
Se 
Similarly, 
heat gained by mug = M mug X Cmug X (Tr — Tug) 


jj 
= 0.2 x 0.2 x E = 20) kcal 


= (oo: L — os) kcal 
AG 


If all the heat lost by the tea is used to warm up the mug, then the 
above two quantities are equal. That is, 


T T 
23.75 — 025 — = 0.04 — — 0.8 


Te "C 
o 029 1t. = 24.55 
r 0 9A 
en 
24.55 
Thus T -—— 
0.29 
= 847*C 


In warming up the mug, the tea has cooled by just over 10 °C. 


ITQ 2 The mass of ice is 1 kg, and the rate of heat input is 1 kcal/ 
second. Hence, since it took 80 seconds to convert the ice to water, 
the specific latent heat of fusion lp at 0°C must be 80 kcal kg“! 
(335 kJ kg" +). Similarly, since it took 540 seconds to convert the 
water to steam, the specific latent heat of vaporization l, at 100 °C 
must be 540 kcal kg! (2 261 kJ kg. !). 


ITQ 3 The melting point of zinc on the ideal-gas scale is the 
temperature obtained when the oxygen pressure in the bulb is 
extrapolated back to zero pressure. A graph of the oxygen gas 
pressure versus the calculated temperature is shown in Figure 39. 
As you can see, the calculated temperature falls by 0.45 °C for every 
1 atm fall in oxygen pressure. Hence the estimated temperature at 
zero oxygen pressure is 419.58 °C. This is therefore the temperature 
on the ideal-gas scale. 
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calculated normal melting point of zinc/°C 


ideal-gas scale 
temperature 


419.58 


F DL T T zt —-—Óx1 
0 0.5 1.0 2.0 2.5 
pressure of oxygen at n.m.p. of zinc /atm 


"EE 
de 


Figure 39 Answer to ITQ 3. 


ITQ 4 Foreach of the three pairs of pressures quoted, the hydro- 
gen gas-thermometer temperature is found by using the equation 


T- x 273.16 K 


(eq. 10) 


triple 


For the first pair of pressures, this gives 


300.000 
= —— x 

114.214 
= 717.495 K 


The second and third pairs of pressure measurements give tempera- 
tures of 717.605 K and 717.709 K respectively. Clearly, the cal- 
culated temperatures are increasing as the gas-thermometer pressure 
is reduced. This is what would be expected with a hydrogen gas 
thermometer (look again at Figure 18). 


Since the temperature rises by 0.214 K for a fall in pressure of 
200 x 10? N m~?, the temperature at zero pressure can be estimated 
to be 717.82 K (to five significant figures). This is the ideal-gas scale 
temperature of the normal boiling point of sulphur. 


Incidently, it should be pointed out that the usual standards- 
laboratory practice is to select the gas pressures at the triple- point 
temperature while measuring the pressures at the temperature under 
investigation. It is the pressure at the triple point that is then allowed 
to tend to zero. This is an exactly equivalent procedure, even though 
the opposite way round, to the procedure described here. 


ITQ 5 From equation 12, these temperatures are 0.00 °C and 
100.00 °C respectively. Perhaps this seemed to you a rather silly 
question! But in fact, this is not the case, for it draws attention to an 
important, even though rather subtle, point. Let me explain. 


The triple-point temperature of water was deliberately chosen to be 
273.16 K (exactly) on the absolute scale, so as to match, as accurately 
as possible, the old calibration points to the new scale. But to be 
strictly correct, the melting and boiling point temperatures on the 
absolute scale, because they are now temperatures that have to be 
determined experimentally (i.e. they are no longer defined calibra- 
tion points), are only approximately 273.15 K and 373.15 K. Con- 
sequently, the difference between these two temperatures is only 
approximately 100 K (though the deviation from 100 K is less than 
0.01 per cent). On the old scale, of course, the difference between 
the two calibration points was defined to be exactly 100 °C. 


ITQ 6 Ifthe volume of a fixed quantity of gas is not allowed to 
change, then both V and n in equation 22 are constants. These con- 
stants can be absorbed into the proportionality, leaving P oc T, 
(equation 21). If only the temperature is held constant, then equation 
22 reduces to PV oc n (i.e. equation 20). If both the temperature and 
the quantity of gas do not change, then both T and n are constants, 
and equation 22 becomes PV = constant. This is equation 6. Hence 
equation 22 is consistent with equations 6, 20 and 21. 


Note also that if the pressure of a fixed quantity of gas is held con- 
stant (i.e. P and n are constant), equation 22 gives the new relation- 
ship V oc T. 


ITQ 7 The units of R must be the same as the units of PV/nT. 
Pressure is measured in newtons metres’? (i.e. force per unit area), 
and volume in metres?. Hence the product PV has units of newtons 
x metres. These are the units of energy (i.e. force x distance), and 
can be written as joules. Therefore, the units of R are joules/(kelvin x 
mole) or J K^! mol‘, as stated. 


ITQ 8 Yes, within the limit in which a real gas can be satis- 
factorily approximated by an ideal gas. Suppose I have two different 
‘ideal’ gases, corresponding to two different chemical elements. 
Then if these gases have the same pressure and temperature, and if 
they occupy equal volumes, the ratio PV /kT will be the same for both 
gases. (Remember k is a universal constant). But rearrangement of 
equation 27 gives 


PV 


N=— 
kT 


Hence N must be the same for both gases, in accordance with 
Avogadro’s hypothesis. 


ITQ 9 The molecules are assumed to be far apart (compared with 
their dimensions), and constantly hurtling to and fro in random 
directions. Consequently, it is only the walls of the container (or the 
Earth’s gravity in the case of the atmosphere) that prevents the 
molecules from escaping into space. Hence, because of this random 
motion and because of the large separation between molecules, the 
natural tendency is for the gas to completely fill its container. Then, 
when the gas is expanded or compressed, all that happens is that the 
total space available to the molecules is changed. You can also begin 
to see why the gas laws might break down at very high pressures; for, 
as the gas is compressed more and more, the molecules are forced 
closer together, and the assumption that their average separation is 
much greater than their molecular size may well cease to be true. 


Compare all this with the situation in a solid or liquid. In both these 
cases, the ‘molecules’ are already close together. Furthermore, we 
suppose that there are intermolecular forces (both repulsive and 
attractive) which hold the ‘molecules’ together, so giving the solid or 
liquid its characteristic volume. These forces are not strong enough, 
in the case of a liquid, to prevent ‘molecules’ slipping past each other 
(which is why the liquid flows). They are strong enough in a solid, 
however, to hold the ‘molecules’ in place. It is this that gives the solid 
its strength and rigidity. 


ITQ 10 Certainly the more massive the particle, the greater you 
might expect the average force to be. It also probably seems quite 
reasonable for the average force to increase as the speed with which 
the particle strikes the wall increases. After all, this is our common 
everyday experience; when we bump into obstacles, the greater our 


$271 UNIT 11 


velocity at impact, the more the impact hurts! You may find it a bit 
more difficult to see why the average force should decrease as L is 
increased. But remember, [F,],, represents the one ‘momentary’ 
impact averaged over the time between impacts. The greater L is, the 
longer is the time between impacts, and the more that one impact has 
to be ‘spread out’ over time. These relationships are summarized in 
Figure 40. 


2L *momentary' impacts 


At 
average force 
Sels 
> 
(a) time 
FA 
average force 
increased 
> 
(b) time 


average force 
reduced 


— 
(c) time 


Figure 40 (a) The wall experiences a series of ‘momentary’ 
impacts, separated by Art = 2L/v,. The average force [F,],, is the 
value obtained when these impacts are ‘spread’ over all time values. 


(b) If m or v, is increased, the individual impacts are increased. 
Therefore, the average force is increased. 


(c) If L is increased, the ‘momentary’ impacts are less frequent, 
and they therefore have to be ‘spread more thinly’ over time. This 
causes [F,],, to decrease. 


ITQ 11 


100 + 2 2 

o ( + me ms) 
4 

= (250 m s~ 1)? = 6.25 x 10* m^ s? 


On the other hand, 


2 s? 


100? + 200? + 300? + 400? 
= m 
4 
= 7.5 x 10* m?s~? 


<o> 


Clearly there is a substantial difference between these two averaging 
techniques. Furthermore, this example was worked out for only four 
molecules, each of which had a positive value of v, (indicating motion 
in the +x-direction only). In terms of a model of a gas, this is un- 
realistic on two counts. First, there would be an enormously large 
number of molecules involved in any practical-sized sample of gas; 
and secondly, we would expect the molecules to have both positive 
and negative x-components of velocity (indicating motion in both 
+x and —x directions). Indeed, you may remember that one of the 
consequences of the assumption of random molecular motion was 
that as many molecules would be moving in one particular direction 
with a given speed as would be moving in exactly the opposite 


5J 


direction with that same speed. That is, (see equation 28, Section 
3.2), 


(0x) = Lv, = (5? = 0 


In view of this, it’s rather fortunate that the component-of-velocity 
term appears in equation 36 as <v2) rather than <v,)?. 


ITQ 12 No. There are far too many molecules, in even a small 
quantity of gas, for fluctuations in the pressure to be apparent. Just 
to give you some idea of the number of molecules involved, consider 
the following example. The ideal-gas law states that PV = nRT, 
so that 


ber of mol ad 
n = number of mo RT 
Let me calculate the number of moles of gas, in a box of dimensions 
1m x 1m x 1m, at atmospheric pressure, and typical room 
temperature. That is, the gas has V —1m?, P œ 10° N m`? 
(Section 2.1.1), and T œ 300 K. Since R ~ 83JK ^! mol! (Sec- 
tion 2.4.4), I can write 


105 x 1 


n ~ ———— moles ~ 40 moles 
8.3 x 300 


But remember, 1 mole contains N į molecules ~ 6 x 10?? molecules 
(Section 2.4.1). Consequently, this one cubic metre sample of gas 
contains about 2 x 10?? molecules—an enormous number. Even 
had I considered a volume of gas one million times smaller (i.e. a 
1 cm cube), at a pressure one million times lower, and a temperature 
one hundred times higher (and 30 000 K is pretty hot!), my sample 
of gas would still have contained more than 10'! molecules. (Check 
for yourself.) So you can see that statistical fluctuations in the pres- 
sure are going to be a bit difficult to detect. 


ITQ 13 The most obvious way to re-express equation 47 is to 
recall (from Section 2.4.4) that the Boltzmann constant is defined by 


k — RIN; (eq. 26) 
Hence, equation 47 becomes 
(Eus) = 3RT/N, 


An alternative approach would be to compare the two equations 


PV — nRT (eq. 23) 
and PV = $N< Ekm? (eq. 46) 
Equating the two right-hand sides gives 
nRT = 2NCE,;,> 
But you know that 
n= N/N; (eq. 13) 


Hence 
(Ein? = 3RT/N 4 
the same result as was derived before. 


It is worth making sure that you can cope with the kind of mathe- 
matical manipulation involved in a calculation like this. It helps if 
you know, by heart, the equations defining the Boltzmann constant 
k (i.e. equation 26) and Avogadro’s number N, (i.e. equation 13). 


ITQ 14 This is a trick question! The relative molecular masses of 
the two gases are quite irrelevant. Equation 47 says that the average 
translational kinetic energy of a molecule is proportional only to the 
absolute temperature (k is a constant). Since both gases are at 300 K, 
the value of (E,;,» is the same in both cases. Numerically, it’s equal 
to 3kT ~ 3 x 1.38 x 10°73 J K ^! molecule"! x 300 K. That is, 


<Exin> = 6.21 x 107?! joules/molecule 


This will be the average translational kinetic energy of a molecule of 
any gas at 300 K (provided that the pressure is not so high that the 
ideal-gas approximation begins to break down). 
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ITQ 15 You have already worked out <E,,,,> for any gas at 300 K 
(ITQ 14) to be 


(Ey? = 621 x 1077! joules/molecule. 


This quantity is equal to 3m(v?». Hence, 


xs OS 2¢E xin? 


m 
f£ KORES 
S 
465x 19-75 ™ 
~517ms ! 


This is a speed of well over 1 000 mph; it is of the same order of 
magnitude as the speed of a rifle bullet. 


(An alternative method of calculating V,m, would have been to 
substitute the given values of T and m, together with a value of 
k = 1.38 x 10°73 J K ^ !, into equation 50 directly.) 


Comparing this value of v,,,, with the given speed of sound in air at 
300 K, you can see that 


Usound ^ 0.670 ms 


That is, the rms speed of the molecules is greater than, but of the same 
order of magnitude as, the speed of sound. 


Now, it is possible, with a few additional assumptions, to develop 
the kinetic theory of gases further so as to derive an expression for 
the speed of sound in terms of the molecular properties of the gas. 
This particular derivation is well beyond the scope of this Unit; 
however the end result turns out to be quite simple. It is 


y 
Usound — -i X Vms 


where y = cp/cy, the ratio of the gas’s specific heat at constant 
pressure to its specific heat at constant volume (refer back to Section 
1.3.4). For molecules consisting of two atoms (such as N, and O,), 
y is equal to 7/5. This gives (as you can check for yourself) 


Vsound = 0.680 ms 


The agreement between this relationship of v,,,,4 to Us (predicted 
by a kinetic theory analysis) and the relationship determined above 
from the measurements is excellent. 


ITQ 16 Each of the UF, molecules contains one uranium atom 
and six fluorine atoms. The lighter molecule will contain the ??5U 
atom, and will have a relative molecular mass of M, (light) = 349, 
(ie. [6 x 19] + 235). The heavier molecule, containing the ??*U 
atom, will have a relative molecular mass of M, (heavy) = 352. 


From equation 52, which says that v,,,, oc 1/ /m, we have 


v, S.(light) Es geam 
Vms(heavy) m(light) 


_ [M,(heavy) 
~ N Might) 
~ 4/349 


=~ 1.0043 


Hence, the lighter isotope will diffuse faster by a factor of 1.004 3. It 
is partly because this factor is only slightly greater than 1 that 
gaseous diffusion techniques are so costly. We shall be looking at 
gaseous diffusion in TV 11. 


ITQ 17 Reading from the graph of Figure 30, about 1200 
molecules in the sample of oxygen molecules at 600 K have speeds 
within the range 749.5 m s^! to 750.5 m s` +. That is about 0.12 per 
cent of the total sample. 


It is often better to express the number of molecules within the 
specified speed range as a percentage, because then the total 


population of the sample does not have to be quoted. Figure 30 was 
drawn on the assumption that there was a total of 10° molecules in 
each sample; I did this to try to help you understand more clearly 
the meaning of the distribution curves. However, the graph would 
have been more general had I labelled the vertical axis in percentages, 
as in Figure 41 here. 
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Figure 44 The Maxwell-Boltzmann distribution (ITQ 17). 


ITQ 18 The circumference of the drum is x x diameter = 0.5x 
metres. Therefore, 


0.0314 
31.4 mm is equivalent to 
0.51 


) revolutions 
— 0.02 revolution. 


Similarly, 


: : 0.0785 
78.5 mm is equivalent to 
0.52 


) revolutions 


= 0.05 revolution. 


The drum is rotating 100 times per second. Hence, 


SAO answers and comments 


SAQ 1 (a) The specific heat of aluminium is (from Table 1) 
0.22 kcal kg^ ! °C; that is, 0.22 kcal of heat are required to raise 
the temperature of 1 kg by 1 °C. Hence, to raise 2 kg of aluminium 
by 50 °C (i.e. 70 °C — 20 °C), the amount of heat required will be 


Q — 022 x 2 x 50 kcal 
= 22 KCal 


(b) From Table 1, the specific heat of copper is 0.093 kcal kg ! 
°C” 1. If 22 kcal of heat are transferred to a 2 kg block of copper, the 
temperature rise AT that will result is given by the equation 


Q = McAT 


: kcal 
ie. 22 kcal = 2 kg x 0.093 x AT 
kg °C 


Thus 

AT z 118.3 °C 
The final temperature is 20 °C + AT, 
that is, 

Tana 138.392€ 


An alternative approach to part (b) would be to say that since 
Q = MCAT, then for fixed values of Q and M, the temperature rise 
AT must be inversely proportional to c. As the ratio of c (aluminium) 
to c (copper) is 0.22/0.093, which approximately equals 2.366, the 
temperature rise for the copper must be 2.366 times greater than that 
for the aluminium. That is, AT (copper) = 2.366 x 50°C = 
118.3 ^C the same as was deduced before. 
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0.02 
the time for 0.02 revolution — 100 second. 


= 2 x 10^ * second 


0.05 
the time for 0.05 revolution — 100 second 


= 5 x 10 ^ second 


The molecules have to traverse the diameter of the drum—a distance 
of 0.5 metre. Hence, the two molecular speeds asked for in the 
question are, respectively 


0.5 m = 
(a) aie e HIS E 
0.5 m E 
(b) üd 210: BI : 
ITQ 19 You know that 
(Ey) = 3kT (eq. 47) 


If we think of the ideal-gas molecules as hard, non-interacting, 
point-like spheres, then the only energy these molecules can have is 
translational kinetic energy. Hence, the total internal energy of a 
sample of N ideal-gas molecules must be simply N x (E,;,». That is 


U(ideal gas) = 3NkT 


ITQ 20 On the kinetic-theory model, air molecules colliding with 
the walls of the container conserve momentum and energy (the 
collisions are considered to be elastic). However, when the piston is 
moving to the left, air molecules colliding with this piston will 
‘rebound’ with increased momentum. (This is what happens when a 
ball bounces off a bat that is moving towards it.) Hence, the average 
kinetic energy of the molecules will increase. Therefore, the tempera- 
ture of the air will increase. 


SAQ 2 The temperature rise AT is given by the equation 
Q = McAT 


where Q = 1 850 kcal (per day) M = 70 kg, and c = 0.9 kcal 
ke ES 


Hence, 


1850 
AT = ————*C 
70 x 0.9 
= 29.4 °C per day 


In one day, therefore, the body temperature would rise to 66.4 °C! 
Clearly, the body must have mechanisms by which it can lose heat 
(see SAQ 4). 


SAQ 3 From Table 1, c(water) = 1.00 kcal kg! *C^!, c(alu- 
minium) = 0.22kcalkg !?C^ !, and c(iron) = 0.11 kcalkg ! ?C- !. 


The iron ball, water, and aluminium pot will all reach the same final 
temperature. Let this temperature be T;, (where obviously T; is 
greater than 20 ^C). Now, the heat given out by the iron ball in 
cooling from 95 °C to temperature T; will be 


Q, = M(iron) x c(iron) x AT 


Ti 
= 02 x 0.11 x [95 — zg) kcal 


T 
= 0.022| 95 — — | kcal 
(ss - es 
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This heat will be ‘shared’ between the water and the aluminium pot. 
The heat required to raise the water to temperature T; will be 


T; 
0r -—1 5 »x-E0-x p on kcal 


Ti 
—15[— — 20} kcal 
ee 


The heat required to raise the aluminium pot to temperature T; will 
be 


Tr 
3 = 05 x 022 x (= — 20) kcal 
ip 
= ong = 20) kcal 
JG 


But as noted above, Q, = Q; + Q;. That is, 


TE T. T; 
0.022(95 — — | 2 1.5(/-£ — 20) + 0.11/-£ — 20 
(95 - 5) e m) cone - n) 


Working through the algebra gives 


0.022(95 — = = Le = 20) 


. 0.0227; _ 1.617; 


ie. 2.09 — 32.20 
Se 26 

so that L621: = 34.29 
EC 
34.29 

or = °C ~ 210 °C 
1.632 


SAQ 4 Ifthe average perspiration loss is 0.03 kg/hour, the total 
loss in 24 hours is 0.72 kg. At body temperature, the evaporation of 
1 kg of sweat would remove 580 kcal from the body. Consequently, 
the evaporation of 0.72 kg will remove (580 x 0.72) kcal, that is, 
approximately 418 kcal. Compare this with the 1 850 kcal of heat 
produced per day by the average person’s metabolic processes 


(SAQ 2). 


SAQ 5 The heat taken up by the skin of person A is that given out 
in cooling the almost boiling water from 100 °C to 20 °C. It is 


Q, = 0.01 x 1 x (100 — 20) kcal 
— 0.8 kcal 


The heat taken up by the skin of person B is (i) that given out in 
converting the steam at 100 °C into water at 100 °C, added to (ii) the 
heat given out in cooling the water from 100°C to 20°C. This 
latter amount of heat is 0.8 kcal as before. The heat given up in 
condensing the 0.01 kg of steam is 0.01 kg x l,(steam). In ITQ 2, 
you calculated that l,(steam) at 100 °C was 540 kcal/kg. Hence the 
heat given out here during the condensation is 


0.01 x 540 kcal — 5.4 kcal. 
Thus the total heat taken up by the skin of person B is 


Qs = 5.4 kcal + 0.8 kcal 
— 62 kcal 


This is almost 8 times as much as Q,; steam is much more dangerous 
than boiling water! 


SAQ 6 The amount of heat given out in cooling down the iron 
bar from 1 500 °C to 50.1 °C will be 


kcal 


Q, = 10 kg x 0.11. 5 x 1449.9 °C 


= 1 595 kcal 


Since the specific heat of copper is approximately ten times less than 
the specific heat of water, and since the mass of the copper tank is 
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ten times less than the mass of the water, the quantity of heat trans- 
ferred to the tank will only be about 1 per cent ofthe heat transferred 
to the bulk of the water. The heat required to raise 100 kg of water 
from 50.0 °C to 50.1 °C is 


Q, = 100 x 1.0 x 0.1 kcal 
= 10 kcal 


Clearly the heat transferred to the tank (about 0.1 kcal) can be 
neglected. 


So, 1 595 kcal of heat are given out, but only 10 kcal go to raising the 
temperature of the bulk of the water. The remaining 1 585 kcal must 
go to raising the temperature of a small mass of the water to 100 °C 
and then converting this mass of water to steam. Let me call this 
mass of water M. Assuming the specific latent heat of vaporization of 
water at 100 °C is 540 kcal kg +, I can write 


M M 
1:585:— fe x 1.0 x so) + = x suo) 
kg kg 
Solving this equation gives 


50M " 540M 
kg kg 


so that 


x 2.7 kg 


SAQ 7 Ifthe gas obeys Boyle’s law, then at constant T, the pressure 
is inversely proportional to the volume. Hence, if the volume doubles, 
as in (a), the pressure must be reduced by a factor of two, to 0.5 x 
10° N m ?. On the other hand, if the pressure increases by a factor 
of three, as in (b), the volume must go down by a factor of three, to 
0.333 m°. 


SAQ 8 A constant-volume gas thermometer works on the prin- 
ciple that, for an ideal gas, absolute temperature is proportional to the 
pressure of the gas in the bulb. At 0.40 atm and below, a nitrogen gas 
thermometer will approximate to an ideal-gas thermometer to better 
than a fraction of a per cent. Hence, if you assume that the melting 
point of ice at 1 atmosphere is about 273 K (you don’t need to work 
to any greater accuracy, since you are given the pressure values to 
only two decimal places), you can write 


Tie. Ba z 
-—— (since T oc P) 
T, P; 
or, in this case, 
T, _ 0.36 
273K 040 
so that, 
T, ~ 246K 
e —27°C 


Note that it was not necessary here to use the equation relating the 
pressure measured to the pressure at the triple point, because 
knowledge of the melting point of ice enabled the calibration to be 
made with sufficient accuracy. 


However, since the melting point of ice is not a calibration point on 
the ideal-gas scale (but simply a point that is experimentally deter- 
mined to be 273.15 K, to five significant figures), the procedure 
described above would not have been good enough had a high 
precision temperature reading been required. But then, had high 
precision been required, the pressures would have had to be measured 
to rather better than the 2 per cent or so given in this question! 


SAQ 9 (a) Yes, the thermometers would give slightly different 
values for T (because they would all give slightly different readings 
for P,,ipie). Figure 27 shows that the helium thermometer most 
clearly approximates to an ideal gas; therefore this thermometer 
would give the temperature reading most nearly equal to the 
ideal-gas scale temperature. The nitrogen and hydrogen thermo- 
meters would give the next best readings, and the oxygen thermo- 
meter the worst. However, as you can see from Figure 18, at 0.5 atm 
all four readings would agree to better than 1/3 degree Celsius (the 
behaviour of the gases at 100 °C would be similar to that at 119 °C). 


(b) In principle, all four thermometers should now be capable of 
giving the same temperature, which will indeed be the ideal-gas 
scale temperature. This would be achieved by extrapolating the 
temperatures calculated from the five sets of pressure ratios for each 
thermometer back to the temperature that would be obtained at 
zero pressure. Theoretically, all four thermometers should extra- 
polate back to the same value of temperature. 


SAQ 10 Clearly. the man’s body temperature is unlikely to be 
rising at the rate of about 6 °C every ten seconds for the first 30 
seconds of this measurement! Instead you would assume that the 
thermometer started at the temperature of the room (probably 
about 18 °C), and when placed under the man’s tongue, began to 
increase in temperature as heat was transferred from him to the 
thermometer. During this time, the thermometer was not in thermal 
equilibrium with the man’s body. It would therefore be wrong to 
assume that any of the initial readings corresponded to his body 
temperature. 


However, after 40 seconds, the temperature of the thermometer 
appears to have stabilized at 37.0 °C. It would seem that there is 
now no net transfer of heat. We can therefore assume that the 
thermometer and the man are now in thermal equilibrium, and that 
the temperature of 37.0 °C represents the man’s body temperature, 
as well as the temperature of the thermometer. This is an example of 
the law of thermal equilibrium at work. 


SAQ 11 (a) Equation 13 says 


N 


n = — 
Na 


where N,, Avogadro’s number, is the number of molecules in one 
mole. Therefore 


N=nN, 
c 4 x 60 x 10?? molecules 
= 2.4 x 10?* molecules 


(b) From equation 15 
M,-M,x1gmol'! 
Therefore 


M,-720x1gmol'! 
= 2.0 g mol"! 


The molar mass is numerically equal to the relative molecular mass, 
but is expressed in units of grams/mole. 


(c) Equation 16 says that 


n= 


M 
Ma 
= 0.112 kg 
~ 0.032 kg mol`! 
= 3.5 mol 
(d) Combining equations 13 and 16 gives 
N M 
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Therefore 


M == 
Na 


4.0 g mol! x 1.2 x 10?* 
6.0 x 1073 mol“? 


= 8.0g 
= 0.008 kg 


SAQ 12 (a) Inthis case, the total mass of gas is the same, but the 
molar mass increases by a factor of 2 (since M, increases by a factor 
of 2). From equation 18, PV oc 1/M,,. Hence, since V is constant, an 
increase in M,, by a factor of two implies a reduction in P by the 
same factor. That is, P = 2 atm. 


(b) Here the situation is the same as in (a), except that the total 
mass is increased by 2. Equation 17 says that PV oc M. Hence, 
increasing M by a factor of 2 will also increase P by a factor of 2. 
That is, P = 4 atm. 


This result could also have been obtained from the original con- 
ditions (M = 2 kg, Mm = 2g mol` +) by using equation 19, which 
says that PV oc M/M,,. Here the helium has M = 4 kg and M,, = 
4 g mol` +, so that the ratio M/M» is the same as for the original 
hydrogen (i.e. there are the same number of moles of gas present in 
each case), and the pressure remains unchanged at 4 atmospheres. 


(c) Relating this case back to the original conditions, and using the 
equation PV o: M/M,,, it can be seen that the ratio M/M,, goes 
down by a factor of 7 (i.e. 4/28). Hence, the pressure must go down by 
a factor of 7. That is, P — 4/7 atm. 


SAQ 13 The ideal-gas law says that PV — nRT. But R is a con- 
stant, and in this example n and V are also constants. Therefore, 
P œ T. The absolute temperature falls from T, = 300 K to T, = 
280 K. Hence the pressure must fall from P, = 3.0 x 10° Nm? to 


_ 280K 
~ 300 K 


—-28x10 Nm 


x 3.0 x 10° Nm? 


P; 


SAQ 14 The ideal-gas law states that PV — nRT. Hence, for a 
fixed quantity of gas 


P,Q _ Pod, 
= = constant 
T, T, 


T, = 290 K, T, = 250 K, 


In this example 


P, = latm, P, = 1atm, 
and V, = 10m? 
T; P,V, 
Therefore Vp d 
Pj T, 
250 1x10 , 
=— x 
1/4 290 
~ 34.5 m? 


SAQ 15 Before the nitrogen escaped, it satisfied the ideal-gas 
equation 


P,V, = nRT, 
That is 
2x 10°Nm~? x lm? =n, x $83JK ! x 290K 
Hence 


n, = 830 moles (equivalent to about 23.2 kg) 
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After some nitrogen has escaped, the remaining gas satisfies the 
equation 


P,V, =n,RT, 
Thatis 10°Nm ? x 1m*=n, x 8.31JK™! x 280K 
Hence n; = 430 moles (about 12.0 kg) 


This is the amount of nitrogen remaining in the tank. The amount 
that escaped is n, — n, or 400 moles. 


SAQ 16 Doubling the mass of the argon doubles the number of 
molecules of argon in the cylinder. In terms of the kinetic theory, 
doubling the number of molecules doubles the number of molecule- 
wall collisions per unit time interval. This means that the total rate 
of change of momentum is doubled, so doubling the total average 
force on a given area; this in turn means that the pressure is doubled. 
This state of affairs is reflected in the kinetic theory equation for 
pressure 
Nm, , 

P= TY Qv?» (eq. 42) 
where it can be seen that P oc N (for m, V and <v*) (i.e. T) held 
constant). 


This condition is also confirmed experimentally by the ideal-gas 
equation PV — nRT, where it can be seen that pressure is pro- 
portional to n (n is the number of moles of gas), and therefore also 
proportional to the number of molecules present (provided V and T 
are constant). 


Incidentally, the relative molecular mass of the argon is irrelevant to 
the argument. 


SAQ 17 Increasing the temperature of the fixed volume of gas 
increases the average translational kinetic energy of the molecules. 
(Recall <E,;,> = 3kT). Hence, on average, the molecules move 
faster, which means that there is a greater change of momentum, on 
average, each time a molecule collides with the walls of the con- 
tainer. This in turn means that the pressure increases. In fact, since 
the absolute temperature is doubled, (E,;,» is doubled; and there- 
fore from equation 46, which says that 


PV = $N Epin) 


it must follow that P doubles also. 


SAQ 18 The product Nm must be the total mass of the gas, 1 kg 
in this case. Equation 43 says that 


PV = iNmQ?» 
Hence, rearranging the equation, we have 
<v?> = 3PV/Nm 


3 x 10 Nm? x 0.6m? 
1 kg 


= 1.8 x 10° m? s7? 


(Convince yourself that these are the correct units.) Hence, 
Umi = ./ (02> = 424 ms! 


SAQ 19 (a) As you demonstrated in ITQ 14, the value of 
<E,;,> depends only on the absolute temperature (since (Ekin? = 
3kT). Hence, the ratio of the two translational kinetic energies is 
unity—the values of <E,;,> are the same. Any other gas, at the same 
temperature, would have the same value of (E,;,». 


(b) Since the two values of (E,,,» are the same, then 
(mv? (oxygen) = <4mv?) (hydrogen) 
That is, 


(v^? (oxygen) 
€?» (hydrogen) 


. m(hydrogen) 


m(oxygen) 
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But the actual molecular masses will be in the same ratio as the 
relative molecular masses. That is 


m(hydrogen M,(hydrogen) 2 1 
m(oxygen) M (oxygen) PEE 
2 
Therefore, Kv) (oxygen) = : 
(?»(hydrogen) 16 
Since v, = ./<v*), it follows that 


v, (OXygen) T 1 


v,,(hydrogen) 16 


The rms speed of the hydrogen molecules is four times greater than 
the rms speed of the oxygen molecules. So, although the values of 
(Ey, are the same for different molecules at the same temperature, 
the speed distributions for the molecules (at the same temperature) 
will be different. Look again at Figure 30. 


SAQ 20 (a) From equation 50 


Vans = / 3kT/m 


For oxygen at 300 K this gives 
f x 138 x 10°73 x 300 
Vims — 


za 


Boa — 


=484ms ! 
Similarly, for oxygen at 600 K 


3 x 138 x 10-7? x 600 
Dus = 
5:3] x 10 29 


—684ms ! 


(b) Using v4; = 0.82v,,,, we find that for the 300 K oxygen 
molecules 
Dx 307 ams 
and for the 600 K oxygen molecules 
tar = 960] ms! 


Both these values are in good agreement with Figure 30. 


SAQ 21 From equation 50 (or 52) you know that 


soc m 
v,(nitrogen) | m(helium) 
Hence, > = 3 
v, (helium) m(nitrogen) 
m M (helium) 
M (nitrogen) 


28 


= 0.38 


That is, Vms (nitrogen) = 0.38v,ms(helium) 


If we can assume that Vms oc Usouna, then the speed of sound in 
nitrogen is 0.38 times the speed of sound in helium. (That is, sound 
travels more than 24 times faster in helium.) 


SAQ 22 Your first instinct might be to say that the total kinetic 
energy of the molecules increases with the temperature rise (since 
<Exin> = 3kT). However, this can't be true, because the increased 
energy should lead to an increase in pressure. (It would in a fixed 
volume container.) But you are told in the question that the pressure 
does not change. 


The correct approach is to utilize equation 46, which states that 
PV =3N (Eis? 


In this expression, the product N< Epin) represents the total trans- 
lational kinetic energy of all the molecules (since it is the average 
energy of one molecule multiplied by the total number of mole- 
cules). Hence, 


total kinetic energy — 3PV 
—-$x10Nm'^x300m? 
=45 x 10 Nm 
= 4.5 x 10" joules. 


If P and V are constant, then the total energy remains constant also. 
The fact that P does not increase as the temperature rises can only 
mean that some air molecules are lost to the ‘outside world’. 


SAQ 23 Fora fixed mass of ideal gas, the total internal energy U is 
given by N(E,;,». But (E,,,» is proportional only to the absolute 
temperature. Therefore, if T remains constant, so does U —that is, 
the internal energy does not change. The extra energy transferred 
from the piston to the gas molecules (see ITQ 20), must be im- 
mediately transferred from the gas molecules to the environment. 
This is the only way the temperature can remain constant. 


SAQ 24 The internal energy of N molecules of ideal gas is 
U = 3NkT 


(see ITQ 19). But one mole of gas contains N a molecules. Therefore 
the internal energy of one mole of ideal gas at 300 K is 
U =3N,kT 
= x 6.02 x 107 x 1.38 x 10-7 3 K-! x 300K 
~ 3.74 kJ 


Acknowledgements 


Grateful acknowledgement is made to the following sources for permission to 
reproduce material in this Unit: 


Figure 1 British Steel Corporation; Figure 4 National Physical Laboratory, 
Crown Copyright; Figure 11 Mansell Collection; Figure 35 Mansell Collection 
—the text is from a paper read before The Royal Society of London on 25 January 
1798 (full reference: Phil. Trans. Roy. Soc. (1798), vol. 88, pp. 80-102). 


S271 UNIT 11 


63 


speed of light in vacuum 
permeability of free space 


permittiv of free ce 


/ 2T 


electro 


proton rest m 
neutron rest r 
Da 

Ky 

Bohr radius 
Avogadro constant 
molar gas constant 
Boltzmann constant 


‘itational constant 


Main units used in $271 


length metre I power 
mass kilogram kg electric charge 
time second S potential difference 
frequency hertz resistance 
electric current ampere A capacitance 
temperature kelvin ‘ inductance 
joule i magnetic field 
newton 


Useful conversions 


1 mile = 1.609 km l kilocalorie = 4 187 J 
1 electronvolt (eV) = 1.602 x 107!" J 
l kilowatt hour (kW h : 
tonne = 1 000 kg | horsepower (hp) = 7.457 x 
year = 3.156 x 10’s 1 degree = (n/180) rad = 3 600 sec 
1 atmosphere (atm) = 1.013 x 10°Nm~? 


Prefixes for fractions and multiples of units 


Fraction Prefix Symbol Multiple 
d 
10? 
10? 
micro L 10° 
nano 10? 


pico 10! 


femto 


